
[ 71 A. 2] Nuclear Physics B17 (1970) 88-116. North-Holland Publ. Comp., Amsterdam 

THE THREE-REGGEON VERTEX: ANALYTICITY, 
ASYMPTOTICS AND THE TOLLER POLE MODEL 

P. GODDARD and A. R. WHITE 
Department of Applied Mathematics and Theoretical Physics 

University of Cambridge, England 

Received 1 October 1969 

Abstract: The incorporation of the local analyticity properties of the s ix-part ic le  
amplitude in a previous t reatment  of the three-Reggeon vertex is considered. A 
triple Regge pole contribution is shown to be singular on the boundary between 
two parts of the physical region where the part ial-wave expansion was shown to 
take different forms. This singulari ty can be removed by appropriate behaviour 
of the residue function, but the asymptotic region where the pole contribution can 
be expected to dominate behaves unsatisfactorily.  For  comparison, the connection 
between the singulari ty of a Regge pole contribution and the bad behaviour of the 
asymptotic region is also discussed for the zero momentum t ransfer  problem. 
Analytic group var iables ,  uniformly related to the invariants are introduced for 
the s ix-part ic le  amplitude. A Lorentz-group expansion incorporating the vertex 
covariance condition is given and a triple Toiler  pole shown to be a possible uni- 
form asymptotic approximation to the amplitude in the neighbourhood of the bound- 
ary considered. 

The treatment  of the threc-Reggeon vertex is used to give a full group theoretic 
t reatment  of an arb i t ra ry  multipart icle amplitude. 

1. INTRODUCTION 

In a p r e v i o u s  p a p e r  [1] we c o n s i d e r e d  the group  t h e o r e t i c  d e s c r i p t i o n  
of the s i x - p a r t i c l e  a m p l i t u d e  c o r r e s p o n d i n g  to the " t r e e - d i a g r a m "  of fig. 1, 
which  i nvo lves  a t h r e e - R e g g e o n  v e r t e x ,  wi thout  c o n s i d e r i n g  ana ly t i c i t y .  
The  t h r e e - R e g g e o n  v e r t e x  p l ays  a c e n t r a l  ro le  in  the g e n e r a l  f o r m u l a t i o n  
of the g roup  t h e o r e t i c  d e s c r i p t i o n  of an a r b i t r a r y  m u l t i p a r t i c l e  a m p l i t u d e ,  
as  we d i s c u s s  l a t e r  on. C o n s e q u e n t l y ,  in  th is  p a p e r  we s tudy  the i n c o r p o r a -  
t ion  of the loca l  a n a l y t i c i t y  p r o p e r t i e s  of the a m p l i t u d e  in  our  app roach ,  
and  the r e l a t i o n  of a n a l y t i c i t y  p r o b l e m s  to the a s y m p t o t i c s  of Regge and 
T o l l e r  pole  c o n t r i b u t i o n s .  

Be fo re  [1], we d i s c u s s e d  in de ta i l  the g e n e r a l i s e d  p a r t i a l  wave e x p a n -  
s ion  c o r r e s p o n d i n g  to fig. 1 in  a p h y s i c a l  r e g i o n  w he r e  the m o m e n t u m  
t r a n s f e r s  QA, QB and  QC a r e  space l i ke .  It was  n e c e s s a r y  to d i s t i n g u i s h  
b e t w e e n  two p a r t s  of the p h y s i c a l  r eg ion .  In one pa r t ,  the s - t  r eg ion ,  the 
p lane  def ined  by QA' QB and  QC c o n t a i n s  s o m e  t i m e - l i k e  v e c t o r s  and  the 
e x p a n s i o n  is  v e r y  s i m i l a r  to the Bal i ,  Chew and P igno t t i  e x p a n s i o n s  [2]. 
In  the s e c o n d  pa r t ,  the s - s  r eg ion ,  th is  p l ane  c o n t a i n s  only  s p a c e - l i k e  
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Fig. 1. A three-Reggeon vertex for the s ix-par t ic le  amplitude. 

v e c t o r s  and  the e x p a n s i o n  takes  a d i f f e r en t  fo rm in which i t  is  e f f ec t ive ly  
n e c e s s a r y  to use  a con t inuous  b a s i s  for  the r e p r e s e n t a t i o n  func t ions .  At the 
b o u n d a r y  be tween  these  two r e g i o n s  (which o c c u r s  in s ide  the p h y s i c a l  r e -  
gion}, the r e l a t i o n  of the group  t h e o r e t i c a l  v a r i a b l e s  that  we u s e d  to the 
i n v a r i a n t s  is  s i n g u l a r .  In th is  p a p e r  we show that  as  a r e s u l t ,  a t r i p l e  
Regge pole  c o n t r i b u t i o n ,  f r o m  the s - t  r eg ion ,  say ,  wi l l  be  s i n g u l a r  at  this  
po in t  u n l e s s  the r e s i d u e  has  an  a p p r o p r i a t e  b r a n c h  point .  (The b e h a v i o u r  
of a t r i p l e  Regge pole  c o n t r i b u t i o n  n e a r  th is  b o u n d a r y  is  i m p o r t a n t  b e c a u s e  
it  i n v o l v e s  a c c n t i n u o u s  r ange  of i nd iv idua l  t r a j e c t o r i e s ) .  If the r e s i d u e  
has  th i s  b r a n c h  point  it  fol lows that  the c o n t r i b u t i o n  wi l l  e i t h e r  v a n i s h  or  
r e t a i n  only i t s  l e ad ing  b e h a v i o u r  the re .  

The daugh te r  p r o b l e m  for  the f o u r - p a r t i c l e  a m p l i t u d e  at  W = 0 can  a l so  
be r e g a r d e d  as  r e s u l t i n g  f r o m  the s i n g u l a r  r e l a t i o n  of the group  v a r i a b l e s  
to i n v a r i a n t s .  T h i s  s i n g u l a r i t y  (as we show in  sec t .  2) r e s u l t s  in  the a s y m p -  
tot ic  r e g i o n  in  which  Regge pole  c o n t r i b u t i o n s  can  be expec t ed  to d o m i n a t e  
r e c e d i n g  to inf in i ty .  At the b o u n d a r y  be twee n  our  two r e g i o n s  the a s y m p -  
to t i c s  a r e  a l so  p e c u l i a r ,  but  in  the i n v e r s e  way,  that  is  the a s y m p t o t i c  
r e g i o n  c o m e s  in  to f in i te  v a l u e s  of the i n v a r i a n t s ,  and  so at  W= 0 ,  we a r e  
led  to i n t r o d u c e  a n a l y t i c  l i t t l e  g roup  v a r i a b l e s  c o n s t r u c t e d  i n s ide  the 
L o r e n t z  group.  T h e s e  v a r i a b l e s ,  as  wel l  as  f a c i l i t a t i n g  a p r e c i s e  d i s c u s -  
s i ons  of a n a l y t i c i t y ,  a r e  a l so  u n i f o r m l y  r e l a t e d  to the i n v a r i a n t s ,  and  so 
s u g g e s t  the i n t r o d u c t i o n  of a L o r e n t z  group  expans ion .  A t r i p l e  T o l l e r  pole  
c o n t r i b u t i o n  can  t hen  be w r i t t e n  down once  the p r o b l e m  of i n c o r p o r a t i n g  
the v e r t e x  c o v a r i a n c e  cond i t ion  has  b e e n  so lved.  (This  c o v a r i a n c e  c o n -  
d i t ion  is  r e a l l y  the o r i g i n  of ou r  p r o b l e m  s i n c e  i t  i s  the c o v a r i a n c e  group,  
r a t h e r  than  the l i t t l e  g roup  as in  the W= 0 p r o b l e m ,  which changes  i t s  
s t r u c t u r e  at the b o u n d a r y  we a r e  c o n s i d e r i n g ) .  Such a pole  wi l l  be  a p o s s i -  
b le  u n i f o r m  a s y m p t o t i c  a p p r o x i m a t i o n  to the amp l i t ude ,  and  c o r r e s p o n d s  
to in f in i t e  s e q u e n c e s  of t r i p l e  Regge poles  with the s a m e  t r a j e c t o r i e s  in  
the e x p a n s i o n s  p e r f o r m e d  in  the s - s  r eg ion ,  the s - t  r e g i o n  and on the 
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b o u n d a r y .  So we c o n c l u d e  tha t  a t r i p l e  T o l l e r  po l e  p r o v i d e s  a nea t ,  but  not  
e s s e n t i a l  s o l u t i o n  to the  a n a l y t i c  and  a s y m p t o t i c  p r o b l e m s  a t  t h i s  b o u n d a r y .  
(The on ly  e s s e n t i a l  r e q u i r e m e n t  i s  t ha t  of a n a l y t i c i t y ,  and  a t r i p l e  R e g g e  
p o l e  can  be  m a d e  to s a t i s f y  th i s ) .  

The  b a s i c  p r o b l e m s  in the  i n t r o d u c t i o n  of a n a l y t i c i t y  in to  the  g r o u p  t h e o -  
r e t i c  f o r m a l i s ' m  have  b e e n  s t u d i e d  in a s e q u e n c e  of p a p e r s  [3-6]  by  C o s e n z a ,  
S c i a r r i n o  and  T o l l e r ,  p r o v i d i n g  a p o w e r f u l  too l  fo r  the  s t u d y  of d a u g h t e r  
p r o b l e m s  and  k i n e m a t i c  s i n g u l a r i t i e s  and  c o n s t r a i n t s .  F i r s t  t hey  d e a l t  w i th  
the  p r o b l e m s  fo r  t w o - t o - t w o  a m p l i t u d e s  wi th  v a r i o u s  m a s s  c o n f i g u r a t i o n s .  
S u b s e q u e n t l y ,  T o l l e r  [5] d e r i v e d  the f u n d a m e n t a l  r e s u l t s  n e c e s s a r y  fo r  the  
i n t r o d u c t i o n  of a func t ion  of g r o u p  t h e o r e t i c  v a r i a b l e s  w h i c h  a c c u r a t e l y  r e -  
f l e c t s  the  a n a l y t i c  p r o p e r t i e s  of a m u l t i p a r t i c l e  a m p l i t u d e .  A f t e r  s t a t i n g  
s o m e  of the  r e s u l t s  o b t a i n e d  in re f .  [1] in s e c t .  2, we b r i e f l y  r e v i e w  the 
i n t r o d u c t i o n  of a n a l y t i c i t y  fo r  the  t w o - t o - t w o  a m p l i t u d e ,  and  i t s  r e l a t i o n  to 
the  a s y m p t o t i c s  a t  W= O, in s e c t .  3. 

Sec t .  4 c o n t a i n s  the  i n t r o d u c t i o n  of the  a n a l y t i c  g r o u p  v a r i a b l e s  fo r  the  
t h r e e  R e g g e o n  v e r t e x ,  wh ich  we s t i l l  s t u d y  in the  c o n t e x t  of the  s i x  p a r t i c l e  
s p i n l e s s  a m p l i t u d e .  In g e n e r a l ,  in o r d e r  to i n t r o d u c e  g r o u p  v a r i a b l e s  f o r  
a p a r t i c u l a r  a m p l i t u d e  i t  i s  n e c e s s a r y  to de f ine  s t a n d a r d  c o n f i g u r a t i o n s  
[2, 7] f o r  e a c h  of the  v e r t i c e s  of the  t r e e  d i a g r a m  c o n s i d e r e d .  F o r  c o n -  
v e n i e n c e  in the  p a r a m e t r i z a t i o n  of the  l i t t l e  g r o u p s  t h e s e  c o n f i g u r a t i o n s  a r e  
u s u a l l y  s u i t a b l y  a l i g n e d  wi th  the  c o o r d i n a t e  a x e s .  A t  c e r t a i n  c r i t i c a l  p o i n t s  
( i nc lud ing  W= 0 and  the b o u n d a r y  b e t w e e n  the s - s  and  s - t  r e g i o n s )  t h i s  
a l i g n m e n t  i s  not  c o n s i s t e n t  w i th  a n a l y t i c i t y .  At  t h e s e  p o i n t s  c e r t a i n  G r a m  
d e t e r m i n a n t s  [8] f o r m e d  f r o m  the  e x t e r n a l  m o m e n t a  va n i sh .  R a t h e r  than  
t h e s e  v e c t o r s  s p a n n i n g  a l o w e r  d i m e n s i o n a l  s p a c e  than  u s u a l ,  t h i s  c o r r e -  
s p o n d s ,  in g e n e r a l ,  to s o m e  v e c t o r  b e c o m i n g  l i g h t - l i k e  o r  a p l a n e  b e c o m i n g  
t a n g e n t  to the  l igh t  cone  ( that  i s ,  a p l a n e  b e c o m e s  one s p a n n e d  by a l i g h t -  
l i ke  and  an  o r t h o g o n a l  s p a c e - l i k e  v e c t o r ) .  The  i n t r o d u c t i o n  of a n a l y t i c i t y  
can  be  p i c t u r e d  a s  the  p r o b l e m  of r o t a t i n g  the  c o r r e s p o n d i n g  s t a n d a r d  
v e c t o r  o r  p l a n e  a n a l y t i c a l l y  in s u c h  a w a y  tha t  i t  b e c o m e s  l i g h t - l i k e  o r  
t o u c h e s  the  l igh t  cone  a t  the  a p p r o p r i a t e  po in t .  In re f .  [1], we s h o w e d  tha t  
i t  was  c o n v e n i e n t  to t a k e  the  s t a n d a r d  t r i a n g l e  fo r  the  t h r e e - R e g g e o n  v e r t e x  
to be  in  the  z ,  t p l a n e  in  the  s - t  r e g i o n  and in the  y,  z p l a n e  in  the  s - s  r e -  
gion.  To m a k e  an  a n a l y t i c  t r a n s i t i o n  b e t w e e n  the two r e g i o n s  i t  i s  n e c e s -  
s a r y  to r o t a t e  t h i s  t r i a n g l e  so  tha t  i t  t o u c h e s  the  l igh t  cone  a t  the  b o u n d a r y .  
S ince ,  a t  t h i s  b o u n d a r y  the  " m a s s  ~ of one of the  R e g g e o n s  i s  e q u a l  to the  
s u m  of the  m a s s e s  of the  o t h e r  two i t  i s  s i m i l a r  to a t h r e s h o l d  o r  p s e u d o -  
t h r e s h o l d  poin t .  The  p r o b l e m s  a r e  a n a l o g o u s ,  a t  l e a s t  up to a c o m p l e x  
t r a n s f o r m a t i o n ,  to t h o s e  c o n s i d e r e d  by  C o s e n z a ,  S c i a r r i n o  and T o l l e r  [4], 
a t  u n e q u a l  m a s s  t h r e s h o l d  p o i n t s  fo r  the  two p a r t i c l e - R e g g e o n  v e r t e x .  
Un l ike  at  t h e s e  p s e u d o - t h r e s h o l d  p o i n t s ,  i t  i s  p o s s i b l e  to k e e p  the s t a n d a r d  
t r i a n g l e  (and the a s s o c i a t e d  t r a n s f o r m a t i o n s )  r e a l  in ou r  p r o b l e m .  T h i s  
m a k e s  i t  e a s i e r  fo r  us  to adop t  a g e o m e t r i c  a p p r o a c h .  S ince  the  p a r t i a l -  
wave  e x p a n s i o n  i s  p e r f o r m e d  on the r e a l  p a r t  of the  l i t t l e  g r o u p  and  we 
d i s c u s s  bo th  the  b e h a v i o u r  of t h i s  e x p a n s i o n  and  i t s  a s y m p t o t i c  p r o p e r t i e s ,  
i t  i s  i m p o r t a n t  t ha t  t h i s  t r i a n g l e  can  be  k e p t  r e a l .  The  s e c t i o n  c o n c l u d e s  
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w i th  a d i s c u s s i o n  of the  u n i f o r m  r e l a t i o n  m e n t i o n e d  above ,  w h i c h  e x i s t s  
b e t w e e n  the a n a l y t i c  g r o u p  v a r i a b l e s  and  the  i n v a r i a n t s .  

Sect .  5 c o n s i s t s  of the  m a t h e m a t i c a l  p r e l i m i n a r i e s  n e c e s s a r y  fo r  p e r -  
f o r m i n g  the L o r e n t z  g r o u p  e x p a n s i o n .  T h i s  i n v o l v e s  the  d e c o m p o s i t i o n  of 
of the  r e p r e s e n t a t i o n  of SL(2,  q: )3 in the  c o s e t  s p a c e  SL(2,  C )3 /SU(1,1) .  To 
do th i s  we u s e  a v a r i a t i o n  of the  h e u r i s t i c  t e c h n i q u e s  i n t r o d u c e d  in re f .  [1]. 
In  s e c t .  6 we show how an e x p a n s i o n  fo r  the  a m p l i t u d e ,  in t e r m s  of r e p r e -  
s e n t a t i o n  func t ions  of SL(2,  C), wi th  the  n e c e s s a r y  c o v a r i a n c e  c o n d i t i o n s ,  
can  be  ob ta ined .  We a r r a n g e  the s t a n d a r d  t r i a n g l e  to m o v e  in such  a way  
tha t  a func t ion  on SL(2,  ~)3 wi th  a SU(1,1) c o v a r i a n c e  cond i t ion ,  when  r e -  
s t r i c t e d  to the  m o v i n g  l i t t l e  g r o u p s ,  n e c e s s a r i l y  s a t i s f i e s  the  v e r t e x  c o v a r -  
l a n c e  c o n d i t i o n  fo r  the  a m p l i t u d e .  We can  then  u s e  the e x p a n s i o n  f o r m u l a  
d e r i v e d  in s e c t .  5. 

In s e c t .  7 we d i s c u s s  the  r o l e  of the  t h r e e - R e g g e o n  v e r t e x  in the  g r o u p  
t h e o r e t i c  d e s c r i p t i o n  of m u l t i p a r t i c l e  a m p l i t u d e s  c o r r e s p o n d i n g  to an  a r -  
b i t r a r y  t r e e  d i a g r a m .  We e x p l a i n  how such  a d i a g r a m  can  a l w a y s  be  e x -  
t e n d e d  to one c o n t a i n i n g  only t h r e e - l i n e  v e r t i c e s .  T o i l e r  has  u s e d  the  r e -  
s u l t s  e s t a b l i s h e d  in  r e f .  [5] a s  the  b a s i s  fo r  a s t u d y  of the  a n a l y t i c  p r o -  
p e r t i e s  of the  m u l t i - R e g g e  m o d e l  fo r  2 - t o - n  p r o d u c t i o n  p r o c e s s e s .  T h i s  
m o d e l  i n v o l v e s  only  " t w o - p a r t i c l e  R e g g e o n "  and  "one  p a r t i c l e  t w o - R e g g e o n "  
v e r t i c e s .  When  a m p l i t u d e s  i nvo lv ing  s i x  o r  m o r e  p a r t i c l e s  a r e  c o n s i d e r e d  
d i a g r a m s  con t a in ing  t h r e e - R e g g e o n  v e r t i c e s  [1, 9] b e c o m e  p o s s i b l e .  The  
c o r r e s p o n d i n g  h igh  e n e r g y  l i m i t s  a r e  fo r  p r o c e s s e s  hav ing  a t  l e a s t  t h r e e  
p a r t i c l e s  in  bo th  the  i n i t i a l  and  f ina l  s t a t e s .  A l though  only of t h e o r e t i c a l  
i n t e r e s t  [10] such  p r o c e s s e s  a r e  i m p o r t a n t  fo r  e x a m p l e  b e c a u s e  of the  
m u l t i p a r t i c l e  s t r u c t u r e  of the  u n i t a r i t y  e q u a t i o n s  [8], and  i t  i s  t h e r e f o r e  
d e s i r a b l e  to u n d e r s t a n d  the d e t a i l s  of the  Regge  b e h a v i o u r  of such  a m p l i -  
t u d e s  in a l l  p o s s i b l e  l i m i t s .  We d e s c r i b e  the  g e n e r a l  p r o c e s s ,  fo r  an a r b i -  
t r a r y  d i a g r a m ,  of i n t r o d u c i n g  a n a l y t i c  g roup  v a r i a b l e s  [5, 11], p e r f o r m i n g  
the SU(1,1) e x p a n s i o n  and  f i n a l l y  an SL(2,  ¢ )  e x p a n s i o n .  

2. THE T H R E E - R E G G E O N  V E R T E X  

In re f .  [1] we d e f i n e d *  the s ix  p a r t i c l e  a m p l i t u d e  a s  a func t ion  o v e r  the  
t h r e e  l i t t l e  g r o u p s  c o r r e s p o n d i n g  to f ig.  1. W e  d i v i d e d  the  m o m e n t a  in to  
t h r e e  s e t s  A, B and  C and  w r o t e  

QA = ~ P A  ' QB = ~ P B  ' QC = ~ P c  ' (2.1) 

and  i n t r o d u c e d  s t a n d a r d  c o n f i g u r a t i o n s  P~,  e t c . ,  in  the  (z, t ) p l a n e  wi th  
s u m s  Q~,  e t c . ,  a long  the z - a x i s .  Then  if 

PA : L(aA)PA ' PB  = L(aB)PB ' PC = L(aC)P~ ' a A ' a B ' a C e ~ +  (2.2) 

* Unless otherwise s ta ted the notation used is that of ref .  [l]. 
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and gA' gB '  gC a re  chosen so that 

L(gA) V~k + L(gB) O~3 + L(gC) V~ 

we can defifle an e lement  a so that 

where  

Then 

M(P A, 

where  

= 0 ,  (2.3) 

O' O' 0 T 
(QA' QB' QC) = L(a)(QA, Q B, O c ) (2.4) 

0 ~ 0 
QA = L(gA) QA etc. 

PB' PC ) 

= M(L(gAhA) P2' L(gBhB) PB '  L ( g c h c )  P~)  =-/(hA'  hB' h c ) '  (2.5) 

-1 -1 
h A = g A  a a ACH_  etc, 

Because  the se ts  A, B, C contain just two pa r t i c l e s  we have the cova r -  
lance conditions 

f(hAUz(Ul), hBUz(U2), hcuz(U3)) = f (h  A, h B, h c ) .  

o '  o v o T 
And also if L(k) leaves the plane containing QA' QB' QC invar iant  

(2.6) 

f ( k h  A, kh B, kh C) = f (h  A, h B, h c ) .  (2.7) 

The group K of all such k is cal led the covar iance  group of the ver tex .  
It was n e c e s s a r y  to dist inguish two cases  : (i) the s - s  case  in which 

the Q's lie in an en t i re ly  space- l ike  plane; he re  gA' etc . ,  could be taken 
to act  in the y , z  plane and so K is i somorphic  to S0(1,1). (ii) the s - t  case  
in which the plane of the Q's contains t ime- l ike  vec to r s ,  t h e g ' s  can be 
chosen in the z, t plane and K is i somorph ic  to S0(2). 

The pa r t i a l -wave  expansion took a d i f ferent  fo rm in the two regions.  In 
the s - t  case  

/(h~, h 2, h 3) 

= D A z  (ho) f ~) {F A1A2A3DA1 (hl) 
nln 2 n l ,n  2 n l , 0  n2 ,0  z 

DA3 
_nl-n2,0(h3)}dAldA2dA 3 (2.8) 
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(where the n labels r e fe r  to the usual  bas is  for the representa t ion  space in 
which rotat ions about the z -ax is  are  diagonal) and in the s - s  case  it can be 
wri t ten in the form 

A1 
{ F ~ 1 ~ 2 : 3 1  K2 D cT1K (h 1 ) f (h  1, h 2, h 3) =ffdKldK 2 1,0 

× D A2 0(h2) D A3 0(h3)} dAldA2dA 3 (2.9) 
~2 K2, ~3 (-K1 -K2), 

where c = ± 1 and K label a continuous S0(1,1) basis  of the representa t ion  
space [1 2]. 

A tr iple Regge pole contribution is then a tr iple pole in F A1A2A3 at 
= ~i(Q~).  The asymptot ic  contribution of this pole to the amplitude is A~ 

obtained by rewri t ing the expansions in t e rms  of second- type  r ep re sen t a -  
tion functions and pulling back the contours  in the A i planes to pick up the 
pole contributions [7]. 

3. ANALYTICITY AND ASYMPTOTICS AT W = 0 

Having defined the amplitude as a function of group theore t ica l  var iables ,  
and d i scussed  the cor responding  hypothesis  of Regge asymptot ic  behaviour,  
the next step is to consider  how the analytic p roper t i e s  of the amplitude 
may be incorpora ted  in this fo rmal i sm.  In this paper  we will be concerned 
with the study of local  analytici ty proper t ies ,  r a the r  than the much more  
extensive problem of making sure  that the full consequences of global p ro -  
per t ies ,  like cut-plane analyticity,  a re  ref lec ted  in the coefficients of any 
par t i a l -wave  expansion. In par t icu lar ,  we want to examine whether  a 
Regge-pole  contribution has the right analytici ty proper t ies .  If such a con- 
tr ibution is to be a uniform asymptot ic  approximation to the amplitude in 
some domain it should be free of s ingular i t ies  (apart f rom those requi red  
by unitari ty)  in the asymptot ic  region. The introduction of analytici ty has 
been studied extensively and sys temat ica l ly  by Cosenza,  Sc iar r ino  and 
Tol le r  [3-6]. The conclusion is that it is n e c e s s a r y  to modify the fo rma l i sm 
at var ious  c r i t ica l  points. For  the unequa l -mass  two-to- two amplitude the 
mos t  impor tant  point of this kind is where the square  of the momentum 
t r ans fe r  W= Q2 = 0. Of course  the p rob lems  assoc ia ted  with this point have 
been widely studied within var ious  f rameworks .  

The s ingular i t ies  in a s ing le -Regge-pole  contribution at this point, which 
are  cancel led by contributions f rom daughter  poles in the usual  approach,  
are  int imately re la ted  to the bad behaviour of the asymptot ic  region in t e r m s  
of the usual  group var iables .  At the new type of c r i t ica l  point which occurs  
in the study of the three  Reggeon ver tex  the behaviour of the asymptot ic  
region is a lmos t  the r e v e r s e  (and so has less  significant implications).  To 
i l lus t ra te  this connection between the s ingular i t ies  and the asymptot ic  r e -  
gion, we br ief ly  review the introduction of analytici ty for the four -pa r t i c l e  
amplitude [3]. When analyt ici ty is not being cons idered  it is natural  to 
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take [1] the s tandard  posit ion of the momentum t rans fe r ,  QO = Qw' to be along 
the z - a x i s  for each W = Q2 < 0. Then QW = (0, O, O, ~ W) which is s ingular  
at W = 0. This s ingular i ty  has to be removed,  for  example by replacing 
QW by (~w = (½(1+ W), 0, 0, ½(1- W)). We can then replace  P~  and/~B by 
/5~ and P~ respec t ive ly ,  still  chosen in the z, I plane, with 

: ( 3 . 1 )  

and their  m e m b e r s  depending analyt ical ly  on W at W = 0. The amplitude is 
then complete ly  specif ied by a function 

(3.2) 

defined on ~rwC , the complexif icat ion of the little group of Qw • If pa r t i c l e s  
with spin a re  cons idered  the amplitude may be reduced to a function 

]aml rn2m3rn4 (~), bear ing  helici ty labels cor responding  to the external  p a r -  

par t i c les ,  defined over /~w C by a s t r a igh t fo rward  genera l i sa t ion  of this p r o -  
cedure,  which we re fe r  to in more  detail in sect.  7. Thenfmlm2m3m 4 sa -  

t isf ies  the covar iance  conditions 

Yrnlm2rn3m4(Uz(~t) huz(U)) = e-i(m2+rn4 ) ~t~Jmlrn2rn3rn4 (h)~ e -i(m2+m3)u (3.3) 

It will have exact ly the s ingular i t ies  that M has [5]. A Regge-pole  contr ibu-  
tion to y will take the form of a second- type  represen ta t ion  function of/~W 
mult ipl ied by a res idue  function. The var ious  poss ibi l i t ies  can be wri t ten 
down by choosing new axes so that /~w becomes  the usual SU(1,1) group, 
that is Hw(= H~o). Such a change of coordinates  will be specif ied by any 
Lorentz  t'ransfo~rmation c such that L(c)Qw -- ~.w; this gives a co r r e spond -  
ence ~ = c h c -1 between e lements  o f / ~ w a n d  H W and the usual  p a r a m e t r i z a -  
tions of H W induce pa rame t r i za t i ons  of H W. In o rde r  to conveniently in- 
co rpora te  the covar iance  condition (3.3), c should be chosen so that L (c) 
maps the x ,  y plane onto the x, y plane. It is then uniquely specif ied up to 

a rotat ion in the x ,y  plane, which can only introduce phase fac tors  i n y .  
The re la t ion between f and y i s  

)7(~) = f (c-1 he)  . (3.4) 

For  defini teness we can take c to act only in the z, t plane and it then has 
the form 

t z 

L ( c ) =  ~ l + W  1 -  " 

The represen ta t ion  functions of H W will be those of H W with a rgument  
c -1 ~c  and so a Regge pole contr ibution to the amplitude will take the form 
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A (W) B (W) A - a ( w ) - I  ( c - l f i c )  . 
flml m 3 flm2m 4 rnl +m3,m2+m 4 

(3.6) 

This  is the s a m e  con t r ibu t ion  as  would  be obta ined  f r o m  the n o n - a n a l y t i c  
f o rmu la t i on .  The  only a c h i e v e m e n t  of the ana ly t i c  f o r m u l a t i o n  in t e r m s  of 
examin ing  the ana ly t i c i t y  p r o p e r t i e s  of a R e g g e - p o l e  con t r ibu t ion  has  been  
to d i sp lay  the s i n g u l a r i t y  at  W= 0 expl ic i t ly  in c. In fact ,  if all  the p a r t i c l e s  
have z e r o  spin,  the s i m p l e s t  way  to show that  this  is a s i n g u l a r  c o n t r i b u -  
t ion to the ampl i tude  at  this  point ,  which  cannot  be made  ana ly t i c  by a 
su i tab le  cho ice  of the r e s i d u e  funct ion,  is to use  inva r i an t s .  But the SU(1.1) 
expans ion  only appl ies  in W < 0 .  The only f ini te  s i n g u l a r i t i e s  of the s e c o n d -  
type funct ion A o c c u r  at  a se t  of points  bounded in t e r m s  of i ts  a r g u m e n t  
and the a s y m p t o t i c  r eg ion  in which  the con t r ibu t ion  (3.6) can be expec ted  
( f rom the p a r t i a l  wave  expans ion)  to domina te  the ampl i tude  is that  f o r  
which  the a r g u m e n t  of the A -  funct ion is l a rge .  B e c a u s e  for  W < 0, c is 
ana ly t i c ,  the con t r ibu t ion  (3.6) wil l  be ana ly t i c  a p a r t  f r o m  the s i n g u l a r i t i e s  
at  a bounded  s e t  of points  due to those  of the A - f u n c t i o n  and so  m a y  p rov ide  
a u n i f o r m  a s y m p t o t i c  a p p r o x i m a t i o n  to the ampl i tude  in any c o m p a c t  se t  
in W < 0. Howeve r ,  Ho c is not  i s o m o r p h i c  to H e  [3] and so  c m u s t  d ive rge  as  
W -* 0. (The fac t  tha t  t hese  g roups  a r e  not i s o m o r p h i c  may  be v iewed  as  
the fundamen ta l  p rob l em) .  T h e r e f o r e  (3.6) cannot  p rov ide  an a s y m p t o t i c  
a p p r o x i m a t i o n  (in the l imi t  L(h) --* oo) u n i f o r m  fo r  W in any se t  inc luding 
W = 0. If  we had this  s o r t  of u n i f o r m  b e h a v i o u r  in such  a se t  it would a l so  
show up at  W= O. In fac t  the s i ze  of ~ is u n i f o r m l y  r e l a t e d  to the i nva r i an t s .  

The r e l a t i o n  be tween  z = cosh  ~,  w h e r e  ~ is the usua l  boos t  angle  c o r -  
r e s p o n d i n g  to h, and the inva r i an t  s = (P1 + P2  )2 is g iven by 

z - 1  2 2 
s = qhl(M/) + dP2(Mi)z ~ ( ~ 3 3 - M 1 ) ( M 4 -  ~22 ) + O (W),  (3.7) 

w h e r e  q~l, q~2 a r e  func t ions  of the m a s s e s  only. F ixed  va lues  of z c o r r e -  
spond  to inf ini te ly  i n c r e a s i n g  va lues  of s as  W -* 0. Thus  in this  l imi t  the 
a s y m p t o t i c  r eg ion  w h e r e  the pole  con t r ibu t ion  can  be expec t ed  to domina te  
r e c e d e s  to infinity.  The  s i z e  of h can  be d e s c r i b e d  by ~ = c o s h  ~ w h e r e  
is the boos t  angle  in SL(2, C) c o r r e s p o n d i n g  to ~(i.e. ~ = Ulaz(¢)u 2 f o r  
s o m e  Ul, u 2 eSU(2)) z and ~ a r e  r e l a t e d  by 

( z -  1) = - 4 ( ~ -  1)W 
(1- IV)  2 ' (3.8) 

and so  if we subs t i tu te  this  into (3.7) we see  that  s depends  u n i f o r m l y  on 
in the l imi t  W-~ 0 .  [Since, at  f ixed W , _ f  is def ined o v e r / ~ c ,  in g e n e r a l  

it is  def ined o v e r  the se t  {(W, ~ ) :  h ~ ~ } .  As ,  Hw_C ~c SL(,2. ~ ) C  we m~T~j 
t r y  to induce  a c o m p l e x  ana ly t i c  man i fo ld  s t r u c t u r e  on the se t  f r o m  that  of 
SL(2, C )C.  This  can  o b v i o u s l y b e  done in a ne ighbourhood  of any W~ 0 .  The 
p a r a m e t r i z a t i o n  of ~, ~, v of HW, W ¢ 0 
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l: ) - ~ t t  0 1 
i . 

eSZja 1-W 

[(1 - W) 2 -  4W sinh 2½{]z 

-2 W sinh ~[ 
) 2 sinh½~ e v 0 

[(1 - W) 2- 4 W sinh 2 ½~]½] e½i v 

(3.9) 

m a k e s  it poss ib le  to see  that  this can a lso  be done about W= O. The l i t t le  
group fro ~ E(2) is obtained by putting W= 0 in (3.9). The contr ibut ion of 
(3.6) contains  the second type function [2] a - ~ (  W)-I (~) where  ~ is 

ml+m 3, m2+m 4 
r e l a t ed  to the analyt ic  coord ina tes  W, ~ by~(3.8). This  function then has 
an e s s e n t i a l  s ingu la r i ty  at W= 0 (for each  ~).] The solution of Cosenza ,  
S c i a r r i n o  and To l l e r  [3] for  the p r o b l e m s  at W= 0 r e m e d i e s  the diff iculty 
due to the reced ing  a sympto t i c  region for  Regge pole contr ibut ions .  They 
show that  if it is  a s s u m e d  that  the function f (~ )  can be extended to a func- 
tion over  the whole of SL(2, C) with (3.3) s t i l l  holding throughout  the group;  
then the pa r t i a l  wave expans ion  can be p e r f o r m e d  in t e r m s  of r e p r e s e n t a -  
tion functions of SL(2, C). The contr ibut ion of a Loren tz  or  To l l e r  pole will 
then be expec ted  to dominate  the ampl i tude  at l a rge  value of/Y ins tead  of 
l a rge  va lues  of h. A To i l e r  pole can be decomposed  into an infinite se t  of 
Regge poles  with pa r a l l e l  t r a j e c t o r i e s  [14]. Consequent ly  such a con t r i -  
bution shows Regge behav iour  at W= 0 and can give a un i form a sympto t i c  
app rox ima t ion  to the ampl i tude in a neighbourhood of this point. 

Of cou r se  a To l l e r  pole is not the only solution to the diff icul t ies  at 
W= O. but it does exploi t  the in t roduct ion of ana ly t ic i ty  into the group 
theore t i ca l  approach  to complex  angula r  momen tum.  

4. ANALYTICITY AND ASYMPTOTICS AT THE BOUNDARY 
OF THE s-t AND s-s REGIONS (kabc = O) 

A triple Regge pole contribution to the six-particle spinless amplitude 
in an s-t region takes the form 

f lnl ,n2 ' - n l - n 2  (02 ,  02 ,  02 )  e - i (n l [ / - tA-"C  ] +  n2[tiB-kLC]) 

( 2  70tC (Q C2 ) -1 a - a A ' O " ) - l ( [ .  ) a -°~B(QD)-I (~B) ¢, ([C) . (4.1) 
n l , u  A n2, o -n l -n2 ,  o 

We cons ide r  the ana ly t ic i ty  of this e x p r e s s i o n  in thrihee nei h g ~ u r h o o d  of the 
boundary  between the s - t  and s - s  reg ions ,  s a y 4 - Q ~  = 4-Q~ + ~/_Q2 . A 
s imple  method of doing this is to use  invar ian ts .  Fo r  example  ~A is r e l a t ed  
to u A = (P2 + QB )2 by the equation 
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= 2 4Q2A [X (Q2, QB'  1 

2 2 2 2 
(4.2) 

w h e r e  

X(a21 b 2, c 2) = (a+ b+ e ) ( c - a - b ) ( b  - c - a ) ( a - b  - c )  (4.3) 

Thus  the r e l a t i o n  be tween  uA and cosh  ~ A is s i n g u l a r  on the bounda ry ,  w h e r e  
2 2 2 "* Xabc =- X (QA, QB' Qc ) = 0, as  would  be expected .  A s i m i l a r  but  m o r e  

c o m p l i c a t e d  e x p r e s s i o n  ex i s t s  fo r  /z A, but  it is  not  s i ngu la r  at  X = 0. If we 
cont inue  (4.1) a r o u n d  the b o u n d a r y  (at f ixed UA, etc) in a su i tab le  d i r e c t i o n  
c o s h  ~A goes  to - cosh  ~A v ia  the l ower  half  c o m p l e x ~ l a n e .  This  only has 
the e f fec t  of i n t roduc ing  a phase  f a c t o r  exp [- fr((~ A (QA)+ aB(Q2B)+ ~c (Q2) ) ]  
b e c a u s e  of a s y m m e t r y  p r o p e r t y  of the a ~ n  functions.* 

This  can be r e m o v e d  by a b r a n c h  point  in/3. This  is not  enough to 
g u a r a n t e e  that  (4.1) does  not have a pole  o r  e s s e n t i a l  s i n g u l a r i t y  on the 
boundary .  To do this  we use  an a s y m p t o t i c  f o r m u l a  fo r  a)mn 

a j ,  n(~) = ( - 1 ) r n - n F ( - 2 j - 1 )  j -1  
I'(-j -m) I'(-j+m) z- (1 + o ( Iz l -2 ) ) .  (4.4) 

I f  

13 /3' ½ (°ZA + °~B+ °tC) + N 
=  abc • 

(4.5) 

w h e r e  N i s  an i n t e ge r  a n d f l '  : fl' (Q2, Q2, Q~) is  r e g u l a r  on )tctbc = O, (4.1) 
wil l  have a pole  of o r d e r  (-N) on ~tab c = 0 fo r  N nega t ive ,  and wil l  be z e r o  
if N i s  pos i t ive .  If  N is z e r o  the  leading  t e r m  in the a s y m p t o t i c  expans ion  
wil l  s t i l l  have the Regge  f o r m  in t e r m s  of i nva r i an t s ,  tha t  is it wi l l  be a 
p r o d u c t  of f a c t o r s  of the f o r m  ((u A - f l A  ) / f2A)  °tA w h e r e  f i A  is  a funct ion  

of the m a s s e s  and the v a r i a b l e s  Q2. But at  ~abc = 0 the o the r  non - l ead ing  
t e r m s  wil l  van i sh  and so  the leading t e r m  wil l  r e p r e s e n t  the en t i r e  c o n t r i -  
but ion of a t r i p l e  Regge  pole  at  this  point.  This  con t r ibu t ion  has  been  ob-  
ta ined  f r o m  the pa r t i a l  wave  expans ion  in the s - t  reg ion ,  w h e r e  ~ abc> O, 
and cont inued  to kab c = O. If  we w e r e  to p e r f o r m  the expans ion  at kabc = O, 
with the a p p r o p r i a t e  c o v a r i a n c e  condi t ion,  then a s ingle  t r ip le  Regge  pole  

* The symmetry  property of the a) function required is that it acquires a phase ~nn 
factor eirrJ when continued from z > 1 in the lower half complex z plane to - z :  
a~nn(-Z ) = eiTrja~nn(z) (See, for example, M. Andrews and J. Gunson : Journ. Math. 
Phys., 5 1391, (1965)). We are using the form for a)rnn given in ref. 14, the asymp-  
totic formula (4.4) follows from properties of the hypergeometrie function. 
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in this expansion,  would cont r ibute  the app rop r i a t e  second- type  r e p r e s e n t a -  
tion function. This  ana lys i s  could be p e r f o r m e d  by choosing the s t anda rd  
t r i ang le  f o r m e d  by the Q ' s  to lie in a plane containing the z - a x i s  and a l ight-  
like vec to r  in the (y, t) plane. This  would leave the l i t t le  groups  unchanged, 
al though it would of cou r s e  give a new covar i ance  group. With the t r i ang le  
sui tably  chosen the re la t ion  between u A and the boost  angle ~A would be 
given by (4.2) with ~abc r ep l aced  by one. So the dependence on the boos t  
angles  ~A etc . ,  of a non-s ingu la r ,  non-ze ro ,  Regge-po le  contr ibut ion con-  
t inued f r o m  the s - t  region,  will  be a p roduc t  of f a c to r s  of the fo rm 
(cosh ~A )~. It  can be shown that  this is of the fo rm of a s econd- type  r e p r e -  
senta t ion  function. 

Thus we have shown that  a s ingle t r i p l e - R e g g e - p o l e  contr ibut ion f rom 
the s - t  region can be made  analyt ic  at ~abc = O. This depends on the con-  
t inuation along a path  enc i rc l ing  ~abc = 0; another  p rob l em,  which we will  
d i scuss  below, is to continue half way round this point and r e l a t e  Regge 
pole contr ibut ions  in the s - s  and s - t  regions .  However  the ana ly t ic i ty  of 
s - t  region contr ibut ions  is the mos t  impor t an t  cons ide ra t ion  because  these  
reg ions  adjoin the phys ica l  reg ions  where  Regge-po le  t r a j e c t o r i e s  will  
p roduce  phys ica l  pa r t i c l e s .  

In sect .  3, we d i s cus sed  the re la t ion  between the s ingula r i ty  of a Regge 
pole contr ibut ion to the four  pa r t i c l e  ampl i tude  at W= 0 and the u n s a t i s f a c -  
to ry  behav iour  of the a sympto t i c  region.  S imi l a r ly  the bad behav iour  of the 
t r ip le  Regge pole contr ibut ion (4.1) at  ~abc  = 0 is r e f l ec t ed  in the behav iour  
of the a sympto t i c  region.  The region in which, f rom the pa r t i a l  wave ex-  
pansion,  the contr ibut ion (4.1) can be expec ted  to dominate  the ampl i tude,  
is that  in which ~A, ~B' ~C a r e  large .  W h e r e a s  equation (4.2) shows that 
as ~abc -~ 0 with ~A kept  fixed, u A will tend to the s a m e  fixed value in-  
dependent  of ~A" In consequence,  the a sympto t i c  reg ion  ' c o m e s  in '  to finite 
va lues  of the invar ian t s .  On the ba s i s  of this we would expec t  a contr ibut ion 
containing f ac to r s  of the f o r m  ((u A - f l A  )/f2A )~A to dominate  at  u A = f l A  
(we can let  ~abc --" O, u A --* f l A  and keep  ~A la rge)  where  it may  e i the r  
have a pole or  be zero .  Of course ,  what can be expec ted  to happen is that  
the background  grows in impor tance .  So the p a r t i a l - w a v e  expans ion  b a s e d  
on the p r e s e n t  group v a r i a b l e s  is not a s a t i s f a c t o r y  ba s i s  for  d i scuss ing  
a sympto t i c  behav iour  n e a r  this point. 

In o r d e r  to make  a smooth  t r ans i t ion  f rom the s - t  to the s - s  region it 
is  n e c e s s a r y  to cont inuously ro ta te  the s t andard  plane of the Q's.  So, in-  
s t ead  of the s t andard  t r i ang le  (Q~', Q~' ,  Q~') in the (y, z) or  (z, t )  plane,  that  
we used  be fore ,  we take a s t anda rd  t r i ang le  (Q~, Q~,  Q~) in the plane 
containing the z - a x i s  and the vec to r  (1 + ~'abc, O, 1 -~abc ,  0) with s ides  of 
the a p p r o p r i a t e  lengths.  Because  ~abc ~ 0 c o r r e s p o n d s  to the s - t  and s - s  
c a s e s  r e spec t ive ly ,  we can choose  the Q ' s  to be r ea l  analyt ic  functions of 
the Q2, Q~, Q2 (for negat ive  Q2 etc . ,  in a neighbourhood of any point on 
~abc A= 0).~Fur~{her it is poss ib le  to c h o o s e / 3 0 ,  p o , / ~ o ,  s t anda rd  con-  
f igura t ions  for  the s e t s  of ex te rna l  p a r t i c l e s ,  A t o ~ e p e ~ d  ana ly t i ca l ly  on 

Q2, Q~, Q2, and such that  ~/~A ° ~o  , = Q A '  etc.  If a , a  A a B , a  C SL(2, C) 
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are  chosen so that 

(QA' QB' QC ) = L(a)(Q°A ' QB'~° Qc~° ) , (4.6) 

we can replace M(PA, PB, PC ) b y  a func t ion  of Q2, Q2, Q2 and the ele-  
ments  of the little groups /~A,HB H C of ~ ,  ~ ,  ~o respect ively,  de- , C 
fined as follows: 

where 
/(hA' ~B' ~C )' 

ZA -1 HA = a a A ~ , e t c . . .  (4.9) 

(Again we have spinless  par t ic les  for simplici ty;  for par t ic les  with spin 
y bears  helici ty labels corresponding to the external  par t ic les . )  The func- 
t i o n y  is thus defined over the analytic manifold { (Q 2 ,  Q2, Q2, ZA ' ~ ,  ~ ) :  
h A • HA, h S • HB, hc ArC} and by theorems of Tol ler  [4] will have 
exactly the same singular i t ies  as M. 

In order  to per form a par t ia l -wave expansion o f f  we have to pa rame-  
t r ize  the moving groups/~A, /~B, HC, effectively by mapping them on to 
the s tandard  SU(1,1) group. One way of doing this would be to make this 
analytic formulat ion more  like our non-analytic one by introducing elements  
gA, gB ,ffC which act in the plane of the Q's, depend analyt ical ly on the 
2' O O ~O Q s and have the proper t ies  that L(ffA)~A , L(ffR)Q~ and L { ~ ) Q ~  are 

along the z -ax is .  Then ~A -* gA/~AffA 1 maps /~A-onto SU(1,1) ~the~little 
group of the z-axis) .  However ~ h a s  to sa t is fy  the covariance conditions 

f(k~A' k~B' ~ C  ) : )~(hA' /~B' ~C ) , k • Kkabc, (4.10) 

where K~abc is the subgroup of SL(2, C) which leaves the plane of the Q° 's  

unchanged, and 

~ ~^ ~'B ~'C ~C ) . . . .  ^ " ^ ^ ^ ^ f(hAUA' ~B' : f (hA'  hB' hc)  ' UA • ~k' UB• UB' Uc • UC ' (4.11) 

where UA is the subgroup of SL(2, C) which leaves the plane of/5/~ un- 
changed, and s imi la r ly  for B and C. Thus even if we introduce the ~ ' s  
to obtain fixed Httle groups we will have varying covariance conditions. 
Varying covariance conditions present  no problem whilst  we can find an 
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e l e m e n t  of the  l i t t l e  g roup ,  v a r y i n g  a n a l y t i c a l l y ,  w h i c h  m a p s  the  c o v a r i a n c e  
p l a n e  onto a c o n v e n i e n t  f i x e d  p l a n e  ( i .e .  one d e t e r m i n e d  by  two of the  a x e s  
of the  g roup) .  T h i s  i s  c l e a r l y  p o s s i b l e  fo r  the  c o n d i t i o n s  of (4.11); we can  
f ind  such  an e l e m e n t  dAe  SU(1.1) w h i c h  m a p s  L(gA)P ~ in to  P2 • F o r  
~abc > 0 we can  a l s o  f ind  r e S U ( 1 , 1 )  w h i c h  m a p s  the  p l a n e  of the  ~ ° ' s  
b a c k  on the  ( z , t )  p lane .  We can  c h o o s e  L(r) to a c t  in  the  (y, t)  p l a n e  only  
and  then  : 

1 ~abc + 1 
L ( r )  - 1 

Xabc- i} 
~abc + " 

The  p a r t i a l  wave  e x p a n s i o n  w i l l  now t ake  the  f o r m  

(4.12) 

nA+nB+nc=O nAnBn C Dn X ,o 
X=A, B, C 

(4.13) 

Thus  in the  s - t  r e g i o n  we have  e f f e c t i v e l y  r e g a i n e d  the  ' n o n - a n a l y t i c '  a n a l -  
y s i s  m u c h  as  we d id  in s e c t .  3. L (r)  i s  s i n g u l a r  a t  ~abc = 0 and  c o m p l e x  in 
the  s - s  r e g i o n  w h e r e  ~abc < 0. Thus  a l l  we have  a c h i e v e d  in (4.13) i s  to 
m a k e  e x p l i c i t  the  s i n g u l a r i t y  of the  e x p a n s i o n  c o n t i n u e d  f r o m  the  s - t  r e -  
g ion  a t  Xabc = O. W e  have  shown tha t  the  c o r r e s p o n d i n g  s i n g u l a r i t y  in  a 
s i n g l e  t r i p l e - R e g g e - p o l e  c o n t r i b u t i o n  can  be  r e m o v e d  by  a p p r o p r i a t e  b e -  
h a v i o u r  of the  r e s i d u e  func t ion .  

H o w e v e r ,  the  c o v a r i a n c e  g r o u p  K~_bc_ a s  a s u b g r o u p  of the  c o m p l e x i f i -  

c a t i o n  o f / ~ A  x HBX HC c h a n g e s  i t s  s t r u c t u r e  a t  )tab c = O, and  so  we canno t  
e x p e c t  to con t inue  the  p a r t i a l - w a v e  e x p a n s i o n  to th i s  poin t .  T h i s  change  
of s t r u c t u r e  has  b e e n  d i s c u s s e d  e x p l i c i t l y  by  C o s e n z a ,  S c i a r r i n o  and  T o l l e r  
in a p p e n d i x  D of re f .  [3]. T h e y  c o n s i d e r e d  a p s e u d o - t h r e s h o l d  fo r  the  fou r  
p a r t i c l e  a m p l i t u d e ,  b u t  a s  we  r e m a r k e d  in the  i n t r o d u c t i o n ,  t h i s  i s  e x a c t l y  
a n a l o g o u s  to o u r  p r o b l e m .  

When  we a t t e m p t  to con t inue  (4.13) in to  ~abc < 0 the a r g u m e n t s  of the  
r e p r e s e n t a t i o n  func t i ons  b e c o m e  c o m p l e x ,  c o v e r g e n c e  i s  no l o n g e r  o b v i o u s ,  
and  i t s  r e l a t i o n  to the  p a r t i a l  wave  e x p a n s i o n  in the  s - s  r e g i o n  i s  not  i m -  
m e d i a t e .  By w r i t i n g  the  r e p r e s e n t a t i o n  func t i ons  in  (4.13) a s  m a t r i x  p r o -  
d u c t s  the  p a r t  w h i c h  d e p e n d s  on r and  c o n t i n u e s  in to  a func t ion  of p u r e  
i m a g i n a r y  a r g u m e n t  m a y  be  s e p a r a t e d  out. I t  i s  c l e a r  tha t  s o m e  r e s t r i c -  
t i ons  on the p a r t i a l - w a v e  c o e f f i c i e n t s  F a r e  n e c e s s a r y  to p e r f o r m  th i s  c o n -  
t i n u a t i o n  and  s o  i t  m a y  on ly  be  p e r f o r m e d  f o r  a c e r t a i n  c l a s s  of a n a l y t i c  
s q u a r e  i n t e g r a b l e  f u n c t i o n s  in the  s - t  r e g i o n .  In p a r t i c u l a r  i t  can  be  e a s i l y  
e f f e c t e d  fo r  s o m e  R e g g e  po l e  c o n t r i b u t i o n s ,  t ha t  i s  t h o s e  w h o s e  r e s i d u e s  
a r e  n o n - z e r o  fo r  on ly  f i n i t e l y  m a n y  v a l u e s  of the  h e l i c i t y  l a b e l s .  Such c o n -  
t r i b u t i o n s  w i l l ,  h o w e v e r ,  n e c e s s a r i l y  f a i l  to be  s q u a r e  i n t e g r a b l e  o v e r  the  
c o s e t  s p a c e  S U ( 1 , 1 ) 3 / K  bu t  t h i s  i s  not  o b v i o u s l y  u n r e a s o n a b l e  p h y s i c a l l y .  

We  can  now show tha t  the  a s y m p t o t i c  r e g i o n  in t e r m s  of the  a n a l y t i c  
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group v a r i a b l e s ,  ~A, etc. ,  is un i fo rmly  r e l a t ed  to the inva r i an t s  nea r  
kabc = O. Since we chose the ~ A a n a l y t i c a l l y  a convenient  analyt ic  choice 
of the P~ is L (~A 1 ) P ~ ,  so that  d A can be taken to be the identity. Then 

~ A h A ~  I ~ SU(1,1). One way of choosing the s t anda rd  moving t r i ang le  of the 

Q ' s  is to align ~ along the z - a x i s ,  all  of the t ime.  This  means  that gA 
will  a lso  be the identi ty and s o / ~  = P/~. The invar ian t  u A is then r e l a t ed  
to hA by 

L (4. 41 

If we p a r a m e t r i z e / ~ A  by 

~A = fZhax (~)UA ' (4.15) 

w h e r e  UA e UA, kA e ~ and, as usual ,  a x (~) is a boos t  along the x - a x i s  
then 

u A = + L (ax (4.16) 

since 

Also s ince QB~ o 

A1 ~o o o 
L ( k  )QB = , and L(UA)PA1 = PAl " (4.17) 

= L (r  -1) Q~ we have that 

o 2 (4.18) UA = (QB + L (ra x(~))PA1 ) . 

So u A is given by (4.2) where  ~A is the boos t  angle of rax (~) when e x p r e s s e d  
in t e r m s  of the usual  p a r a m e t r i z a t i o n  of SU(1,1). The re la t ion  be tween 
cosh ~A and cosh ~A is given by 

1 1 

-~ cosh  ~ = 2 c o s h ~ A  (4.19) (~abc + ~abc ) ~A 

and so the re la t ion  between u A and cosh ~A is uni form.  The p a r a m e t r i z a -  
t ion we have used  of/~A has  been  so a r r anged ,  to f ac to r  out the dependence 
on the covar i ance  g roups  on e i the r  side,  to obtain a c o r r e c t l y  adjus ted  m e a -  
s u r e m e n t  of the s ize  of h A . This  ad jus tment  is  obviously n e c e s s a r y  because  
of the i r r e l e v a n c e  of the s ize  of the boos t  in the covar i ance  group in the 
s - s  region.  

F o r  this ca lcula t ion we have used  gA = e, but in ca se s  where  the c o r -  
responding ~ is not the identi ty it will  s t i l l  be analyt ic  and so we can se t  

coord ina tes  in SU(1.1), of the fo rm used  above,  for  ~AHA~A 1 and these  u p  
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will induce analytic co -o rd ina tes  of/~A which will have suitable asymptot ics .  
So to obtain a uniform descr ip t ion of the asymptot ic  region in the neigh- 

bourhood of ~abc = O, it is again (as at W = 0 in sect.  3) n e c e s s a r y  to use 
little group var iables  moving analyt ical ly  within SL(2, C )3. Therefore ,  to 
obtain an asymptot ic  expansion of the amplitude which is wel l -behaved in 
this neighbourhood, we should t ry  to extend J~(~A'/~B' ~C ) to a function 
over  SL(2, C)3 in a suitable manner .  Before  we can do this it is n e c e s s a r y  
to cons ider  the technical  details  of the expansion of such a function, which 
we do in the next section. 

5. HARMONIC ANALYSIS IN THE COSET SPACE SL(2, C)3/SU(1,1) 

In the last  sect ion we gave reasons  for consider ing functions on SL(2, C) 
×SL(2, C )×SL(2,  C ) and in the next sect ion we shall  show that the appro-  
pr ia te  covar iance  condition to impose on such a function is 

f ( v a  1, va2, va 3) = f ( a l ,  a2, a 3) , veSU(1 ,1)  , a i e S L ( 2 ,  C) . (5.1) 

Of course ,  there  will a lso be compact  covar iance  conditions on the r ight 
but these will cause no essent ia l  difficulty. To obtain the expansion of such 
a function in t e r m s  of represen ta t ion  functions of SL(2, C), it is n e c e s s a r y  
to decompose  the continuous uni tary  represen ta t ion  of SL(2, C) 3 which acts  
in the space of functions on the coset  (or homogeneous) space 
SL(2, C)3/SU(1,1),  square  integrable with respec t  to the cor responding  
invariant  measure .  The exis tence of this invariant  m e a s u r e  is immedia te  
s ince we a re  cons ider ing  the quotient space of two unimodular  groups * 
F r o m  a well known theorem [15, 16] this represen ta t ion  can be decomposed  
into a d i rec t  integral  of i r reducib le  uni tary  representa t ions .  Since SU(1,1) 
is non-compac t  the decomposi t ion of this represen ta t ion  is not eas i ly  de-  
ducible f rom the decomposi t ion of the regula r  represen ta t ion  of SL(2, C) 3 . 
But we can at tempt to incorpora te  the covar iance  conditions in the pa r t i a l -  
wave coefficients  of the regu la r  represen ta t ion  in t e r m s  of their  being 
para l le l  to cer ta in  non-normal i sab le  vec to rs  in each represen ta t ion  space.  
We can then make a heur is t ic  deduction of the requi red  decomposi t ion 
fo rmula  f rom that of the regula r  representa t ion.  Such techniques for s imi -  
l a r  p rob lems  have been given in ref. [1] and the resul t ing expansion fo r -  
mulae proved d i rec t ly  for the cases  to which they were  applied; that is 
SU(1,1)/SO(1,1) and SU(1,1)3/SO(1,1). We now give a s imi l a r  method for 
this case.  

We saw in ref. [1] that it is convenient to choose a basis  for the r e p r e -  
sentat ion in which the appropr ia te  subgroup is r ep resen ted  by diagonal 
ma t r i ces .  The usual form in which the represen ta t ion  m a t r i c e s  of SL(2, C), 
cor responding  to the represen ta t ion  (;% M) a re  given, is C])~M (•) [14], )rnj 'rn '  

*See appendix B of ref. [1]. 
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w h e r e  ~ is pu re  i m a g i n a r y ,  M i s  a non nega t ive  i n t e g e r  o r  half  i n t ege r ,  and 
j and m a r e  d i s c r e t e  l abe ls ,  l abe l l ing  an 'SU(2) b a s i s '  ( j  >~M, j >/ ]m I and 
j - M ,  j - m a r e  in tege r s ) .  A l t e r n a t i v e l y ,  it is  p o s s i b l e  to use  an SU(1,1) 
(pseudo) b a s i s  [16, 17]. This  b a s i s  would  be l abe l l ed  by (% l ,  m) w h e r e  
T = +1, l runs  o v e r  the i r r e d u c i b l e  u n i t a r y  r e p r e s e n t a t i o n s  of SU(1,1) and 
m runs  o v e r  the a p p r o p r i a t e  va lues  fo r  tha t  r e p r e s e n t a t i o n  (Here ,  of c o u r s e ,  
l is  u sed  as  an abb re v i a t i on  for  (e, l) ,  ~ 0, ~ = ~, R e / =  - ~ ,  I m /  > 0 o r  
(k, ±), k = 0, ~, ~ 1, . . . .  and only (e, l) w h e r e  M - e  is an in t ege r ,  and (k, ±), 
w h e r e  k < M and k -  M is an in tege r ,  a r e  r e q u i r e d  fo r  the r e p r e s e n t a t i o n  
(~, M)). B e c a u s e  we aga in  have c o v a r i a n c e  condi t ions  of d i f fe ren t  c h a r a c t e r s  
fo r  the two s ides ,  i t  is  m o s t  conven ien t  to use  an SU(2) b a s i s  on the r igh t  
hand s ide  of the r e p r e s e n t a t i o n  funct ion and an SU(1,1) b a s i s  on the left;  
tha t  is we a r e  us ing  two d i f f e ren t  b a s e s  in the r e p r e s e n t a t i o n  space .  I n s t e a d  
of r e a l i s i n g  the r e p r e s e n t a t i o n  s p a c e s  by the label l ing  of b a s e s ,  we can take 
them to be the space  of s q u a r e  i n t eg rab le  funct ions  f ( v ,  r) ,  v • SU(1,1) ,  
~- = +1 s a t i s fy ing  the c o v a r i a n c e  condi t ion f ( u  z (~) v, T) = e - i M ~  Tf (v ,  T). This  
r e a l i s a t i o n  can  be u s e d  ins t ead  of the SU(1,1) b a s i s  on the left ,  and the r e -  

(-f))~M Ca), and i ts  a c -  p r e s e n t a t i o n  (h, M) is then d e t e r m i n e d  by funct ions  vvjm 

t ion is to send  the v e c t o r ,  with c o o r d i n a t e s  dpj m in the SU(2) b a s i s ,  into 
the funct ion f ( v ,  r) in the above space  of s q u a r e  i n t eg rab le  func t ions  w h e r e  

f ( v , ' r )  = ~ ~hM.  (a) (Pjrn " (5 .2)  
jrn v~-jrn 

In o r d e r  to u n d e r s t a n d  the s o r t  of p r o b l e m s  that  a r i s e ,  it is  p e r h a p s  
p r e f e r a b l e  to c o n s i d e r  f i r s t  the p r o b l e m  of SL(2, C)2 /SU(1 ,1) .  F o r  a func-  
t ion f def ined on SL(2, C) 2 we can  hope to define pa r t i a l  wave  coe f f i c i en t s  

vi'ri.Tirn i Vl'r l31rn 1 v2"r2J2m 2 ' 
by 

F ~iMiviTi3imi = f f ( a  1, a 2) I - I  0 hiMi. (a i) da i . (5.3) 
i=1,2  v i ~ J i m i  

~M 
Since ~ v~;v,T , (Vo) = 5 T,5 (VVoV'-I)  the c o v a r i a n c e  condi t ion f ( v a l ,  va 2) 

= f ( a  1, a 2) , v e SU(1,1) is exac t ly  equ iva len t  to the condi t ion  

F ~iMi . = F kiMi . , v e SU(1,1) o n f ' s  p a r t i a l  wave coef f ic ien t s .  
T . V , ' F  i , 3 i r n  i v i ,  T i , ) i m i  $ 

If we a b b r e v i a t e  FhiMi  to ~ (Vl,V2) the p r o p e r t y  Y/(VlV, V2v ) = ~ (Vl, V2) 
v z ~ i J i m i  

m e a n s  that  ~ is d e t e r m i n e d  by ~(e ,  v) and s q u a r e d  in t eg rab i l i t y  of f o v e r  
the c o s e t  space  SL(2, C)2/SU(1,1)  wil l  c o r r e s p o n d  to s q u a r e  i n t eg rab i l i t y  
of ~h (e, v) o v e r  SU(1,1) r a t h e r  than ~ o v e r  SU(1,1) 2. In this  c a s e  we can 
expand ~ in t e r m s  of r e p r e s e n t a t i o n  funct ions  of SU(1,1) 

( e , v )  = f ~ ~ l  Dlmm,  iv) dl (5.4) 
m ~ l  ' m YFl ' 
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Because  of the covar iance  p roper ty  sa t i s f ied  by the functions forming 
the represen ta t ion  spaces  ~(Uz( ~ 1)Vl, Uz(~Z2)v2) = e-  i(Ml'rl gl +M2r2g2 ) 

and so q 'mm' = 0 unless  m = +M2T 2 and m'= - M f f l .  The coeff ic ients  of f ,  

using the SU(1,1) bas i s  on the left, F kiMi a r e  re la ted  t o  F kiMi 
b y  limi 'Ji rni vffi ,h rni 

?~ i Mi F ~iMi = ~ f dl  i F. , . [-~ Dl~Mi ' m~(Vi) (5.5) 
vi'ri, J imi  m~ l i m i  '3 imi  i=1, 2 

Since D l m,(v) = D l (v) we have 
m ,  - ~ / ,  -TFt T 

D 1 
3"2M2, -M13-1 (V2vll) = ~ DlT 1 M1, m (V l ) Dl rn "r 2 M 2, - re(v2) ' 

(5.4) 

and so from (5.4) we can wri te  

F ~iMi = ~ fdZ ?~iMi D l (Vl) D 1 
v i -r i ,J im i m ~:~_i,  J i m i  T1Ml, m T2M2 ' re(v2) , (5.6) 

and so 

F ~iMi = ~ .  )~iMi. 6 ( / . -  /2)5m, 
T i lim~Jim ~ t, "ri, 3i m i ± 1' - m'2" 

(5.7) 

An al ternat ive  way of seeing that this is the resu l t  to expect ,  is as  follows: 

F ~iMi = f f (al, a2 ) [-~ ~ i M i  ,. (ai) da. . (5.8) 
l i~ m~j i m i i=l, 2 ~'i t imiYimi  

If [a 1, a2] denotes  the cose t  of (al,  a2) in SL(2, C)2/SU(1,1) we can factor  

the invariant  m e a s u r e s  d a l d a  2 = d [a l ,  a2] dv and 

F~iUi  , = f f ( [ a l  ' a2]) ~ iF[ ~:iMiim.i3imi (ai) 
"rilimiJimi m~ i=l, 2 - 

×f N (5.9) 
i = 1 ,  2 " " 

So using 

li 
f ~-~ Dm~mi  i = 1 ,  2 

(v) d v =  6(l 1 - / 2 ) 6 m ~ , _ m . 2 5 m l  ' - m 2  , (5.10) 
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we obtain (5.7) with 

srX iMi 
l, "r i , Ji mi 

_ ~.iMi hiM i 
: ff([al, a2]  ) ~ (/9 , , , (a l )  ., , (a2) d i a l , a 2 ]  (5.11) m' ~'l l, m , Jl ml  ~'r2l , -m' , J2 m2 

In the p r o b l e m  that  r e a l l y  c o n c e r n s  us,  of SL(2, C )3/SU(1,1)  we can 
p r o c e e d  s i m i l a r l y  and def ine  coe f f i c i en t s  F hiMi a b b r e v i a t e d  to 

T i v i jt 1 roll 
~ (V l '  Y2' V3) sa t i s fy ing  ~(YlV, V2Y,Y3 v) = l~(Yl, Y2, Y3) if f s a t i s f i e s  (5.1). 
Hence  we can expand @(e, v~, v~) in t e r m s  of funct ions  
D 12 (vt2)D 13 (v~) . Consequen t ly  ~ / (v l ,v  2 ,v 3 ) can  be 

M2 T2 ' ~ M3 ~-3' - M1T 1-/2 
expanded  in t e r m s  of 

D l 2  _re(v1) 13 + _rn,(Vl) "r2M2' (v2) "r3~v'3' m , m '  -~z, D'rlM 1 ~., Dl2 - m Dl3 ~ m'  (v3) (5.12) 

Now we can use  the SU(1,1) C l e b s c h - G o r d a n  coe f f i c i en t s  [18, 19] to w r i t e  

D/2z ' (v 1 ) D l 3 (Vl) 
- m  ~-1MI+/~, - m '  

cl213l l cl213ll Dl l 
= f d l l  -~,I-2MI+~Z, T1M1 -m , -m ' ,  m+m' -rl Ml,  m+m' (v 1) ,(5.13) 

and so 

;~iMi .r-., hiM.. Cl213ll 
F r i l i m ~ , j i m  i = Z_lT l112~13 ~Jim i -m2'  _m,3, m,  1 (5.14) 

The  expans ion  f o r m u l a ,  of c o u r s e ,  t akes  the f o r m  

f (a  1, a 2, a 3) 

= ~ f d h  i f d l  i ~ ~ l~'hiMi I-~ 
Mi Ti' mi  Ji, mi  - - ' r i l imi 'J imi  i=1, 2, 3 

c-DhiMi , • 

"ril im~ , Ji mi (ai)" 

(5.15) 

~. iMi 
We can d e r i v e  a f o r m u l a  s i m i l a r  to (5.11) fo r  ~1112137iJimi and a l so  a 

P l a n c h e r e l  f o r m u l a  fo r  f in t e r m s  of this  coef f i c ien t ;  this  c o m p l e t e s  the 
d e c o m p o s i t i o n  of the r e p r e s e n t a t i o n .  
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6. AN SL(2, C ) EXPANSION AND A T O L L E R - P O L E  MODEL 

We have shown in sect.  4 that the general  method of introducing analytic 
group var iab les ,  suitable for making hypotheses about the asymptot ic  be-  
haviour  of the six par t ic le  amplitude, resu l t s  in its being defined as a func- 
t i o n f  over  three  little groups moving in S1(2, C )3. If we can extend this 
function to the whole of SL(2, C) 3 then we can pe r fo rm  a pa r t i a l -wave  ex- 
pansion in t e r m s  of the represen ta t ion  functions of SL(2, C ), which will be 
wel l -behaved in the neighbourhood of ~ abc= O. Of course ,  it will be neces -  
s a r y  to incorpora te  the covar iance  conditions in the par t i a l -wave  coeffi-  
cients  (to make the Lorentz  invar iance of the function, when r e s t r i c t e d  
to the little grou?s ,  apparent),  pa r t i cu la r ly  s ince this was the difficulty 
with the SU(1,1) expansion. This can be done more  natural ly  if we can 
take )7 to be a function on SL(2, C )3 sat isfying covar iance  conditions with 
r e spec t  to subgroups of this group. The awkwardness  of the changing na- 
ture  of the covar iance  condition (4.10) can be avoided if we can a r range  that 
)7 is invar iant  over  a l a rge r  subgroup of SL(2,C )3 in which this covar iance  
group is always included. To maintain the maximum amount of f reedom for 
the function r e s t r i c t e d  to the little groups,  this l a rge r  covar iance  group 
must  in t e r sec t  each little group in exact ly the appropr ia te  original  one- 
p a r a m e t e r  subgroup. We can do this s imply  by taking advantage of the 
f reedom available in choosing the moving s tandard  t r iangle  of the QO's. 

As in sect.  4, we choose the t r iangle  fo rmed  by ~ ,  ~ ,  C ° to lie in 
the plane containing the z-axis  and the vec tor  (1 + ~abc, O, 1 -k~abc, 0). 
But we also a r r ange  that none of these lie along the z-axis  at any s tage .  
The covar iance  group K defined by (4.10) will then always be contained in 
the little group of the z - a x i s  : SU(1,1). Also this covar iance  group will, 
for any value of Q~, Q~, Q2, be exactly the in tersec t ion  of each of the 
little g r o u p s / t A ,  HB, HC, with the little group of the z - ax i s .  So i f f f  
sa t i s f ies  the covar ianace  condition (5.1), then its r e s t r i c t ion  to 
/~A×/~B x ffC will sa t i s fy  the c o r r e c t  covar iance  condition on the left. 

The covar iance  conditions on the r ight (4.11) are  not rea l ly  a problem 
at ~abc = 0 because  they suffer  no c r i t i ca l  change and the covar iance  groups 
may be re la ted  to s tandard  groups by i som orph i sms  depending analyt ical ly  
on the Q2's .  Consequently it is sufficient to ensure  that f sa t i s f ies  

f"(aAUA, aBuB, a c U c ) = f ] a A ,  aB, aC) UA e IJA, UBe IJB, UC e I]C . (6.1) 

It is not difficult to see that a function jY defined on /~A x/~B ×/~C sa t -  
isfying the covar iance  conditions (4.10) and (4.11) can be extended to one 
defined over  SL(2, C) 3 sat isfying conditions (3.1) and (6.1) . 

The problem of pe r fo rming  an expansion in t e r m s  of represen ta t ion  
functions of SL(2, C) for a function Y sat is fying the non-compac t  covar iance  
condition (5.1) was d i scussed  in sect.  5. The covar iance  condition i tself  
is equivalent to the r e s t r i c t ion  (5.14) on the ~art ial  wave coefficients.  This 
is a r e s t r i c t ion  on the left hand labels "r i lira ~ of the par t ia l  wave coef-  
ficients F kiMi (6.1) will be equivalent to r e s t r i c t ions  on the right 

Tilir~, Jirni " 
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hand labels of the form 

~tiM i . ,^  (~.il)-- (6.2) ~ i M i  = ~ ~ Tilling, j . '  "cilirn~' Jirni Ji' ~ "limi'3i~' 

still  taking dA etc.,  to be the identity. 
Thus, wi th  these res t r i c t ions  on the par t ia l -wave  coefficients ,  we can 

pe r fo rm  the expansion (5.15). As usual [3, 20] we can expect to wri te  this 
expansion in t e r m s  of second- type functions, and draw the contours  to the 
left to revea l  pole contributions in the ?~ planes (assuming the par t ia l  wave 
coefficients to be meromorph ic  in some strip). This will ~ive an asymptot ic  
expansion of the function in appropr ia te  l imits  in SL(2, C) ~ including those 
in which the 'adjus ted '  s ize of the var iables  ~ becomes  l a rge r  in the sense 
we defined at the end of sect.  4. 

So if we now cons ider  a single t r ip le-pole  contribution 

2 O2 2 Q2) ,_zai(Qi),U i ¢~ 
' [37-ilirn~, ~ m i ( ' A '  QB' ~ ' " " " 

(6.3) 
-ri, li.~mi ~-ilimi,Jimi z ' 

jirni 
at X i = ai(oZ) ,._.~. with a definite value of M. and a fac tor ized  occurring re- 

sidue 

f l .ril im~,Jimi(Qi ' Q2, Q2C) 

2 2 ^2.o(B) ._2 (c) 3(e  ) = %' %) 

we can use the genera l  resu l t s  of Sc iar r ino  and Tol ler  [14] on the a symp-  
totic re lat ion of second- type  Loren tz -g roup  functions to second type SU(1,1) 
functions to infer that (6.3) co r responds  to an infinite sequence of tr iple 
Regge-pole  contributions with fac tor ized  residues.  T o l l e r ' s  resu l t s  re la te  
the second- type  SL(2, C) functions to the second- type SU(1,1) functions 
when r e s t r i c t e d  to the s tandard  SU(1,1) subgroup. To use these resu l t s  
it is n e c e s s a r y  to employ gA, etc. ,  to m a p / t A  onto this SU(1,1) subgroup 
and wri te  

c~.  M 
jmj  'm'  (HA) 

: ~ - Q)~.M ,(ffA ) Q.kM. (~A I) cZ).~M (~AhA~I) 32m2J 'm , J l ,  m l , J 2 , m 2  3m31 ml  31 mlJ2m2 

(6.4) 

in the expansion formula before changing to second-type functions of ar- 
gument ~A ~Ag; I" This gives, instead of (6.3) the contribution 
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fi '  ' ' ( Q i '  Q2, QC2) 
"r i I i, m~ "ril i m i, Yi m i  ~-~ ' X=l, 2, 3 

1i, m i  

~XM (~x ~) )i~,m; ~xlxmx,) ~ ,.~ 

C~X (Q2)' MX (6.5) 
~Jl ml' Jx mx (hx) ' 

where  we have used (6.2). 2 
_, ~z~x(Qx),Mx This express ion  together  with the asymptot ic  expansion u~ ~ ]1 m'l, J2m2 (hx) 

as a s e r i e s  of second- type  functions of SU(1.1) shows that, both in the s - t  
and s - s  regions  and on the boundary ~abc = 0, a t r iple Tol le r  co r responds  
to infinite sequences  of t r iple  Regge poles with para l le l  t r a j ec to r i es .  

Because  the second- type  function in (6.3) only has s ingular i t ies  for 
bounded values of ~ it is a possible  uni form asymptot ic  approximat ion to the 
amplitude in a neighbourhood of ~abc = O. 

7. THE THREE-REGGEON VERTEX AND THE n -PARTICLE AMPLITUDE 

The aim of this sect ion is to descr ibe  and extend the work of Cosenza,  
Sc ia r r ino  and Tol le r  [3-6] and of Bali, Chew and Piguotti  [2] on the mult i -  
Reggeon descr ip t ion  of mul t ipar t ic le  amplitudes.  Using an approach ve ry  
s imi l a r  to that of Tol ler ,  and re lying heavily on his t heo rems  [5] on the 
incorpora t ion  of analytici ty,  we d iscuss  the role of the th ree -Reggeon  
ver tex  in a genera l  group theore t ic  descr ip t ion  of mul t ipar t ic le  ampli tudes.  

Following Cosenza,  Sc ia r r ino  and Tol ler ,  we cons ider  a p r o c e s s  in- 
volving n par t ic le  with a r b i t r a r y  spins and masses•  The connected par t  of 
the sca t t e r ing  amplitude for this p r o c e s s  can be desc r ibed  by a function 
~ I m l  . . . . .  mn (p(1) . . . . .  p(n)) of the spin labels m i and of the momenta  p(i) 

2 
satisfjin~, the m a s s  shell  cons t ra in t s  p(i)2 = Mi and momentum c o n s e r v a -  
tion 2_~'P (i) = O. As before ,  the sign of the energy  component  of p(i) will be 

Z 

posi t ive (negative) if the i th  par t ic le  is outgoing (incoming). Now, to study 
analyt ici ty,  we cons ider  complex values of the p(i) ,  and assume that M is 
analyt ic  apar t  f rom cer ta in  s ingular i t ies  such as those requ i red  by unitari ty.  
(Note that, the assumpt ion  of c ross ing  made here,  that is, that the var ious  
channels a re  desc r ibed  by just one analytic function of the P(i), is not e s -  
sential  for  the following discussion).  Fo r  the group theore t ic  t r ea tment  of 
pa r t i c l e s  with spin it is convenient to introduce another function M of com-  
plex Lorentz  t r ans fo rma t ions  a i (or more  p rec i se ly  e lements  of St (2 ,  C )c,  
the un iversa l  cover ing  group of the complex Lorentz  group), re la ted  to the 
~ / func t ion  by 

M m 1 ' ' ' ' '  mn (al '  
o D I 

' , r r / lm i 
m i 

x 3~ , (L(al)P(1)°,  • L(an)P(n)°)  
m l , . . . , m ~  "" ' ' 

(7.1) 
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and  d e f i n e d  o v e r  the  s u b s e t  of [SL(2, C) c] n s a t i s f y i n g  

L ( a i ) P  ( i )  ° = 0 , w h e r e  p ( i )  ° = ( M i ,  0, 0, 0) (7.2) 
i 

w h e r e  A (i) d e n o t e s  the  a p p r o p r i a t e  a n a l y t i c  r e p r e s e n t a t i o n  of SL(2,  C) c .  
T o l l e r  [5] h a s  m a d e  p r e c i s e  and  p r o v e d  the s t a t e m e n t  tha t  M i s  f r e e  of 
k i n e m a t i c  s i n g u l a r i t i e s  and  c o n s t r a i n t s  and  so  w i l l  have  e x a c t l y  the  d y n a m -  
i c a l  s i n g u l a r i t i e s  tha t  ~ / h a s .  M s a t i s f i e s  the  i n v a r i a n c e  cond i t i on  

M m l ,  . . . , m n ( a a l , .  . . , a a n )  = M m l , .  . . , m n ( a l , .  . . , a  n ) ,  a e S L ( 2 , C )  c ,  (7.3) 

wh ich  fo r  a = t (1) i s  a s t a t e m e n t  of T C P  i n v a r i a n c e ;  and  a l s o  n c o v a r i a n c e  
c o n d i t i o n s  of the  f o r m  

M m  1,  m 2 ,  . . . , m n ( a l h l '  a 2 , . . . a  n ) 

m} 
(7.4) 

C o n s i d e r  a s i m p l y  c o n n e c t e d  g r a p h  o r  t r e e  d i a g r a m  wi th  n e x t e r n a l  
l i n e s ,  r i n t e r n a l  l i n e s ,  e a c h  jo in ing  two of the  ( r +  1) v e r t i c e s  (but w i th  
no s e t  of i n t e r n a l  l i n e s  f o r m i n g  a c l o s e d  loop).  A s s o c i a t i n g  e a c h  of the  n 
e x t e r n a l  l i n e s  wi th  one of the  n p a r t i c l e s  i n v o l v e d  in  the  p r o c e s s ,  f o r  g iven  
e x t e r n a l  m o m e n t a  P(~) a (unique) m o m e n t u m  Qi i s  a s s o c i a t e d  wi th  e a c h  i n -  
t e r n a l  l i ne  so  tha t  m o m e n t u m  i s  c o n s e r v e d  a t  e a c h  v e r t e x .  The  nex t  s t a g e  i s  
to de f ine  the  a m p l i t u d e  a s  a func t ion  of e l e m e n t s  of the  l i t t l e  g r o u p s  of 
s t a n d a r d  v e c t o r  a s s o c i a t e d  wi th  e a c h  of the  i n t e r n a l  l i n e s  and,  e s s e n t i a l l y ,  
the  L o r e n t z  i n v a r i a n t s  wh ich  can  be  f o r m e d  f r o m  the  m o m e n t a  m e e t i n g  a t  
e a c h  v e r t e x .  In g e n e r a l ,  an a r b i t r a r y  n u m b e r  of e x t e r n a l  and  i n t e r n a l  l i n e s  
c o u l d  m e e t  a t  a v e r t e x .  If  a v e r t e x  has  m o r e  than  t h r e e  l i n e s  we can  d i v i d e  
t h e s e  in to  two s e t s ,  s e p a r a t i n g  the  v e r t e x  in to  two new v e r t i c e s  j o i n e d  by  a 
new i n t e r n a l  l i ne  (as  i n d i c a t e d  in fig.  2). 

Thus  we  o b t a i n  a new t r e e  d i a g r a m  f r o m  w h i c h  the o r i g i n a l  d i a g r a m  m a y  
be  o b t a i n e d  by  c o n t r a c t i o n  of an  i n t e r n a l  l ine .  The  i n v a r i a n t s  w h i c h  c o u l d  
be  f o r m e d  f r o m  the m o m e n t a  m e e t i n g  a t  the  o ld  v e r t e x ,  and  f ix t h e i r  r e -  
l a t i v e  p o s i t i o n ,  a r e  e q u i v a l e n t  to the  two s e t s  of i n v a r i a n t s  f o r m e d  f r o m  
the  m o m e n t a  m e e t i n g  a t  e a c h  of the  two new v e r t i c e s ,  r e s p e c t i v e l y ,  t o g e t h e r  
wi th  the  l i t t l e  g r o u p  e l e m e n t  c o r r e s p o n d i n g  to the  new i n t e r n a l  l i ne  (which  
d e t e r m i n e s  the  r e l a t i v e  p o s i t i o n  of the  m o m e n t a  at  one new v e r t e x  r e l a t i v e  
to t h o s e  a t  the  o the r ) .  If  t h i s  p r o c e s s  i s  a p p l i e d  r e p e a t e d l y  un t i l  no m o r e  
than  t h r e e  l i n e s  m e e t  a t  any  v e r t e x ,  we o b t a i n  a ' f u l l y - e x t e n d e d '  d i a g r a m ,  in 
w h i c h  e a c h  v e r t e x  has  e i t h e r  t h r e e  i n t e r n a l  l i n e s  ( ' t h r e e - R e g g e o n '  v e r t e x )  
o r  two i n t e r n a l  l i n e s  and  one e x t e r n a l  l ine  ( ' t w o - R e g g e o n  p a r t i c l e '  v e r t e x )  
o r  one i n t e r n a l  l i ne  and  two e x t e r n a l  l i n e s ,  ( ' R e g g e o n  t w o - p a r t i c l e '  v e r t e x ) .  
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Fig. 2. Extension of tree diagram into a fully-extended diagram. 

Any t r e e  d i a g r a m  can  be ob t a ined  by c o n t r a c t i o n  of i n t e r n a l  l i n e s  f r o m  
a ' f u l l y - e x t e n d e d '  d i a g r a m  and  the Regge l i m i t s  a r e  a s u b s e t  of those  that  
can  be ob t a ined  f r o m  the l a r g e r  d i a g r a m .  Thus ,  i t  i s  su f f i c i en t  to d i s c u s s  
in  de ta i l  the de f in i t i on  of the a m p l i t u d e  as  a func t ion  o v e r  the l i t t l e  g roups  
c o r r e s p o n d i n g  to a ' f u l l y - e x t e n d e d '  d i a g r a m  * 

T h r e e  l i n e s  wi l l  m e e t  at  a v e r t e x  in  such  a d i a g r a m ,  we wi l l  denote  the 
m o m e n t a  a s s o c i a t e d  wi th  them by Qi' Qi and  Qh ( i r r e s p e c t i v e  of w h e t h e r  
they a r e  i n t e r n a l  o r  e x t e r n a l  l i nes ) ,  and  for  c o n v e n i e n c e  suppose  that  the 
m o m e n t a  have b e e n  d i r e c t e d  so that  m o m e n t u m  c o n s e r v a t i o n  t akes  the f o r m  
Q" + Q: + Qk = 0 for  th is  ve r t ex .  We choose  a s t a n d a r d  t r i a n g l e  for  the 
v ~ r t e x J c o n s i s t i n g o f  v e c t o r s  QO, go ,  q~  depend ing  on V2, Q2 and  V~ s u c h  

02 2 oz z oz .z" • • . - • 
tha t  Q i = Qi , Qj = Q),  Qk = Qk • To i n t r o d u c e  a n a l y t l c l t y  th i s  d e p e n -  

dence  shou ld  be a n a l y t i c  in  a n e i g h b o u r h o o d  of the v a l u e s  of q2 ,  Q2, q~  

c o n s i d e r e d .  If one of the l i ne s  c o r r e s p o n d s  to an  e x t e r n a l  p a r t i c l e  of n o n -  
z e r o  m a s s ,  we m a y  c l e a r l y  a lways  take  the s t a n d a r d  t r i a n g l e  to l ie  in  the 
z, t p lane .  As we have seen ,  if the v e r t e x  c o n s i s t s  of t h r e e  i n t e r n a l  l i n e s  
the s i t u a t i o n  is  s o m e w h a t  d i f f e r en t ;  if a l l  t h r e e  Q ' s  a r e  s p a c e l i k e  then  we 
have to a r r a n g e  an  a n a l y t i c  t r a n s i t i o n  f r o m  the s - s  to the s - t ;  r e g i o n s .  In 
g e n e r a l  we can  choose  an e l e m e n t  c eSL(2,  C),  for  the v e r t e x  which  t a ke s  
the s t a n d a r d  t r i a n g l e  {qo,  VO, Q~} in to  the a c t u a l  t r i a n g l e  (Qi'  Qj '  qk}  so 
that  

Vi = L ( c ) V  ° ,  Qj = L ( c ) Q ? ,  Vie = L ( c ) V ~ .  (7.5) 

If i i s  an  i n t e r n a l  l ine  it  w i l l  r u n  f r o m  the v e r t e x ,  v 1 say ,  to the v e r t e x  
and  wi l l  have  s t a n d a r d  v e c t o r s  V°l), and  V°2  ) '  in  the r e s p e c t i v e  s t a n d -  ?)2, 

a r d  t r i a n g l e s  of t he se  v e r t i c e s .  If c 1 and  c 2 denote  the t r a n s f o r m a t i o n s  

* The relation of fully extended diagrams to coupling schemes for the products of 
the Hilbert spaces of the external part icles has been discussed by Toi ler  in ref. [11]. 
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c o r r e s p o n d i n g  to t h e s e  two v e r t i c e s  d e f i n e d  by  e q u a t i o n s  (7.5) then  

L (c21 c 1) o o 
Qi(1) = Qi(2) " 

(7.6) 

C o n s e q u e n t l y ,  if  we i n t r o d u c e  a t r a n s f o r m a t i o n  q12 wh ich  has  the  p r o p e r t y  

(7.7) 

and  d e p e n d s  on the s q u a r e s  of the  f ive  v e c t o r s  a t  the  two v e r t i c e s ,  we have  
q l2c  2 - 1  -1 c l  ' -1 i s  an  tha t  i s  an e l e m e n t  of the  l i t t l e  g r o u p  of Q~I)_ and c21c 1 q12 

e l e m e n t  of the  l i t t l e  g r o u p  of Qi°~2)_ . Thus  in th i s  way,  fo r  g iven  e x t e r n a l  

m o m e n t a ,  we can  a s s o c i a t e  wi th  e a c h  i n t e r n a l  l ine  e l e m e n t s  of the  l i t t l e  
g r o u p  of e i t h e r  of the  s t a n d a r d  v e c t o r s  a s s o c i a t e d  wi th  it.  

In f ac t  T o l l e r  [5] h a s  shown tha t  the  c i d e f i n e d  by  the  e q u a t i o n  (7.5) can  
be  c h o s e n  to be  a n a l y t i c  func t ions  of the  e x t e r n a l  m o m e n t a  if  the  s t a n d a r d  
t r i a n g l e  have  b e e n  c h o s e n  in  a s u i t a b l e  a n a l y t i c  way.  I t  a l s o  fo l l ow s  f r o m  
r e s u l t s  of h i s  tha t  the  qi~ we have  i n t r o d u c e d  in (7.7) m a y  be  t a k e n  to be  
a n a l y t i c .  In e a c h  c a s e  we have  to e x c l u d e  a c e r t a i n  s u b s e t  of the  e x t e r n a l  
m o m e n t a  but  t h i s  i s  s o  s m a l l  tha t  i t  i s  i r r e l e v a n t  [5]. 

I n s t e a d  of u s i n g  e i t h e r  of the  s t a n d a r d  v e c t o r s  QO o (1)or Qi(2) f rom the  

the  s t a n d a r d  v e r t e x  t r i a n g l e s ,  an a l t e r n a t i v e  p r o c e d u r e  i s  to i n t r o d u c e  a 
t h i r d  a n a l y t i c a l l y  v a r y i n g  s t a n d a r d  v e c t o r  QO,, l i n k e d  to QO by  a n a l y t -  

i0) 
i c a l l y  v a r y i n g  t r a n s f o r m a t i o n s ,  and  c o n s t r u c t  a l i t t l e  g r o u p  e l e m e n t  of 
QO, f r o m  C21C 1 . T h i s  i s  the  p r o c e d u r e  a d o p t e d  by  T o l l e r  in  h i s  r e c e n t  

p a p e r  [6]. 
An  obv ious  m o d i f i c a t i o n  of ou r  f o r m a l i s m ,  wh ich  w i l l  s i m p l i f y  i t  f r o m  

c e r t a i n  p o i n t s  of v iew,  i s  to m a t c h  up the  s t a n d a r d  t r i a n g l e s  a t  a d j a c e n t  
v e r t i c e s  so  tha t ,  f o r  e x a m p l e ,  the  new Q~2)_ = Q ° l  ) `  . We  can  do t h i s  by  

w o r k i n g  o u t w a r d s  f r o m  a g iven  v e r t e x ,  e a c h  t i m e  a p p l y i n g  L(qi~) to the  
v e r t i c e s  f u r t h e r  out. (The s t a n d a r d  t r i a n g l e s  w i l l  now, in  g e n e r a l ,  d e p e n d  
on a l l  the  Q2 's) .  I t  i s  t hen  u n n e c e s s a r y  to i n t r o d u c e  new q i j ' s  and  c21c 1 
w i l l  be  an e l e m e n t  of the  l i t t l e  g r o u p  of the  new QO. 

The  a c t i o n  of the  l i t t l e  g r o u p  e l e m e n t s  can  now be  p i c t u r e d  a s  fo l lows .  
If  we c o n s i d e r  an  a r b i t r a r y  f u l l y - e x t e n d e d  d i a g r a m  (for  e x a m p l e  fig.  3(a)) 
we can  c o n s t r u c t  a dua l  d i a g r a m  f r o m  the m o m e n t a  Pi,  Q~ w h i c h  t a k e s  the  
f o r m  of a n e t w o r k  of t r i a n g l e s  ( s ee  fig.  3(b)), one t r i a n g l 6  f o r  e a c h  v e r t e x .  
The  l i t t l e  g r o u p  e l e m e n t s  h i = c21c 1 e t c . ,  d e t e r m i n e  the  r e l a t i v e  p o s i t i o n  
of a d j a c e n t  t r i a n g l e s  in the  n e t w o r k .  The  s t a n d a r d  c o n f i g u r a t i o n s  of the  
v e r t e x  t r i a n g l e s  now f i t  t o g e t h e r  to f o r m  an  a n a l y t i c a l l y  v a r y i n g  s t a n d a r d  
p o s i t i o n  of t h i s  n e t w o r k  and  the m e a s u r e m e n t  of the  r e l a t i v e  p o s i t i o n s  
i s  b a s e d  on t h i s  s t a n d a r d  n e t w o r k .  

If a l l  the  e x t e r n a l  p a r t i c l e s  a r e  s p i n l e s s ,  a l l  we a r e  i n t e r e s t e d  in do ing  
i s  d e t e r m i n i n g  the e x t e r n a l  m o m e n t a  Pi to wi th in  an  o v e r a l l  L o r e n t z  
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- %  
Q. 

b. 

Fig. 3. (a) A fully-extended diagram. (b) The dual diagram corresponding to (a). 

t r a n s f o r m a t i o n .  It  i s  e a s y  to do th i s  in  t e r m s  of the l i t t l e  g roup  e l e m e n t s  
(and the Q2 ' s ) .  F o r  if v o is  any  f ixed v e r t e x ,  L(Col)P ~ i s  the p r o d u c t  of 
l i t t l e  g roup  e l e m e n t s  c o r r e s p o n d i n g  to the i n t e r n a l  lin~es f o r m i n g  the 
un ique  pa th  f r o m  v o to the e x t e r n a l  v e r t e x  at  which  Pi i s  a t tached .  F o r  
e x a m p l e  in  fig. 3 if we take v o - v 5 

= L (h;lhl)P  , (v .a)  

w h e r e  h i i s  an  e l e m e n t  of H i the l i t t l e  g roup  of QO and  pO is  the v e c t o r  in  
the s t a n d a r d  t r i a n g l e  of the v e r t e x  v c o r r e s p o n d i n g  to P , and  i s  an  a n a l -  1 z 1 
y t ic  func t ion  of the e x t e r n a l  m a s s e s  and  Qi (1 ~< i ~< 6) in  g e n e r a l .  Thus  if 

we def ine  a f u n c t i o n f  by 

O 

w h e r e  now Pi ° s t a n d s  for  pO and  P~/' (1 --< i --< 4), i t  wi l l  be  a n a l y t i c  when  
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is and we can r e c o n s t r u c t  t h e / ~  funct ion  f r o m  it, b e c a u s e  

M ( P I '  P2' P3' P4' P5 ) 

= ~4(L(c-51)P1 , L(c;1) P2 , L(c;1)P3 , L(c-51) P4 , L(c-51)P5 ) 

o 

T h e r e f o r e  f wil l  have no k i n e m a t i c  s i n g u l a r i t i e s  o r  c o n s t r a i n t s  by 
T o l l e r ' s  t h e o r e m s  [5]. This  p r o c e d u r e  which  can obv ious ly  be appl ied  
to any ful ly ex tended  d i a g r a m  is a d i r e c t  g e n e r a l i s a t i o n  of ou r  p r e v i o u s  
t r e a t m e n t  of the s p i n l e s s  s ix  p a r t i c l e  ampl i tude  and is obv ious ly  independent  
of the cho ice  of the spe c i a l  v e r t e x  v . Only s m a l l  a m e n d m e n t s  to this  p r o -  o 
c e d u r e  a r e  now n e c e s s a r y  to i n t roduce  ex t e rna l  p a r t i c l e s  with spin. If  the 
M funct ion  is u s e d  in s t ead  of the ~ funct ion to define the funct ion f o v e r  
the l i t t le  g roups  then the c o v a r i a n c e  condi t ions  fo r  the spin  l abe l s  (7.4) 
wil l  give s i m p l e  c o v a r i a n c e  condi t ions  fo r  f .  Thus  we m u s t  r e l a t e  the 
t r a n s f o r m a t i o n s  a .  a s s o c i a t e d  with each  of the e x t e r n a l  l ines ,  to the c- 
t r a n s f o r m a t i o n s  and c o r r e s p o n d i n g  s t a n d a r d  t r i a n g l e s  i n t roduced  at e a c h  
of the e x t e r n a l  v e r t i c e s .  We have f r o m  (7.1), (7.2) and (7.5) that,  fo r  the 
i - th  e x t e r n a l  p a r t i c l e  

Pi = L (ai)P~i) 

= L (c i) pO 

= L (cib i) P~i) ' (7.11) 

w h e r e  c i is  the c - t r a n s f o r m a t i o n  fo r  the v e r t e x  to which  Pi is  a t tached ,  
p o  is the r e l e v a n t  s t a n d a r d  v e c t o r  and b i is  an ana ly t i c  t r a n s f o r m a t i o n  r e -  
l a t ing /~o  and p(~). T h e r e f o r e  

C (7.12) a i= c ib i u i ,  u ieH+ 

Since c i and b i have been  c h o s e n  to be ana ly t i c  func t ions  of the ex t e rna l  
m o m e n t a  and t h e r e f o r e  of the ai 's  , u i will  a l so  be an ana ly t i c  funct ion 
of the ai's. T h e r e f o r e ,  if we define f ( h  1 . . . .  , h 6) fo r  the d i a g r a m  of fig. 3 
by  

fro1, m' 1 . . . . .  m4,m'4, m5(hl  '"  . . . .  , h 6) 

= M m l , m  ~ , . . . .  m4,m ~ , m5(h-51hlb1 ' h-51 h lb ' l , . . .  ,h-61h4b4, h-61h4bt4 , b5) ,  

h i e H i . (7.13) 
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i t  i s  c l e a r  t ha t  the  M - f u n c t i o n  can  be  r e c o n s t r u c t e d  f r o m _ f  u s i n g  (7.3), 
(7.4) and  (7.12) and so  a g a i n  by  T o l l e r ' s  t h e o r e m s  f w i l l  have  no k i n e m a t i c  
s i n g u l a r i t i e s  o r  c o n s t r a i n t s .  Th i s  p r o c e d u r e  i s  e x a c t l y  a n a l o g o u s  to tha t  
f o l l o w e d  fo r  the  s p i n l e s s  a m p l i t u d e  and  can  a l s o  be a p p l i e d  to any  fu l ly  e x -  
t e n d e d  d i a g r a m .  

F r o m  (7.13) f w i l l  s a t i s f y  c e r t a i n  c o v a r i a n c e  c o n d i t i o n s  and t h e s e  e n s u r e  
tha t  the  r e c o n s t r u c t i o n  of the  M - f u n c t i o n  i s  w e l l  de f ined .  If we c o n s i d e r  an 
i n t e r n a l  (or  t h r e e - R e g g e o n )  v e r t e x  (for  e x a m p l e  v e r t e x  6 of fig.  3) w i th  
m o m e n t a  Qi, Qi, Qk m e e t i n g ,  then  the func t ion  f w i l l  be  i n v a r i a n t  u n d e r  the  
t r a n s f o r m a t i o n  

h i ~ k h  i , hj ~ kh j  , h k ~ k h  k , k H i N H j N H  k = K  . (7.14) 

K wi l l  be  the  g r o u p  of t r a n s f o r m a t i o n s  w h i c h  l e a v e s  i n v a r i a n t  the  p l a n e  
of the  s t a n d a r d  t r i a n g l e  at  the v e r t e x .  T h i s  c o v a r i a n c e  c o n d i t i o n  e x a c t l y  
c o r r e s p o n d s  to the  p o s s i b l e  f r e e d o m  in the  c h o i c e  of a c s a t i s f y i n g  (7 .5) .  
To m a k e  the c o v a r i a n c e  c o n d i t i o n s  a t  the  e x t e r n a l  v e r t i c e s  s i m p l e ,  i t  i s  
c o n v e n i e n t  to r e q u i r e  tha t  in a d d i t i o n  to s a t i s f y i n g  L (bi)P~) : P~,  b i 
s h o u l d  a l s o  m a p  the (z, t ) p l a n e  into  the  p l a n e  of the  s t a n d a r d  t r i a n g l e  at  
the  c o r r e s p o n d i n g  v e r t e x .  The  c o v a r i a n c e  c o n d i t i o n  a t  a t w o - R e g g e o n  
p a r t i c l e  v e r t e x  (for  e x a m p l e  v e r t e x  5 of f ig.  3), w h e r e  P//, Qj,  Qk m e e t ,  
t a k e s  the  f o r m  tha t  u n d e r  the  t r a n s f o r m a t i o n  

hj ~ hj tti h k ~  hkUi ' w h e r e  u i : b i Uz(#)bi I eHiNHjC~H k : U i , (7.15) 

f i s  m u l t i p l i e d  by the p h a s e  f a c t o r  e - im i#  . F o r  a R e g g e o n  t w o - p a r t i c l e  
v e r t e x  (for  e x a m p l e  v e r t e x  1 in fig.  3), w h e r e  Pi ,  1~ , Qk m e e t ,  the  t r a n s -  
f o r m a t i o n  

h k ~  hkUij , w h e r e  uij  : biuz(~ )bi  1 : bj U z ( / X ) b j l e H i N H j N  H k = Uij , (7.16) 

p r o d u c e s  a p h a s e  f a c t o r  e -i(rni+mj)~ o n f .  Both  u i and  uij  p r e s e r v e  the  
p l a n e s  of t h e i r  r e s p e c t i v e  s t a n d a r d  t r i a n g l e s .  

Hav ing  d e f i n e d  the a m p l i t u d e  a s  func t ion  o v e r  the  l i t t l e  g r o u p s  H i we 
can  now p e r f o r m  a p a r t i a l  wave  a n a l y s i s  by  e x p a n d i n g  in t e r m s  of r e p r e s -  
s e n t a t i o n  func t i ons  of t h e s e  g r o u p s .  To c o n s t r u c t  t h e s e  func t ions  i t  i s  
n e c e s s a r y  to p a r a m e t r i z e  the  g r o u p s  by  d e f i n i n g  an i s o m o r p h i s m  of the  
m o v i n g  g r o u p s  on to the  s t a n d a r d  SU(1,1) l i t t l e  g r o u p  of the  z - a x i s  in the  
r e g i o n  Q2 < 0 in wh ich  we a r e  i n t e r e s t e d ,  a s  in s e c t .  4. Such an i s o m o r -  
p h i s m  wi l l  be  s i n g u l a r  a t  Q2 = 0. T h i s  i s o m o r p h i s m  wi l l  be of the f o r m  

-' gihig~ 1 : H i ~ SU(1,1) , w h e r e  gi eSL(2 ,  C). In o r d e r  to c o n v e n i e n t l y  h i 
i n c o r p o r a t e  the  c o v a r i a n c e  c o n d i t i o n s  we i n t r o d u c e  e l e m e n t s  of SU(1.1) 
w h i c h  m a p  the i m a g e  of the  p l a n e  of the  s t a n d a r d  t r i a n g l e s  u n d e r  gi on 
to e i t h e r  the  (y, z) o r  (z, t )  p l a n e  a s  i s  a p p r o p r i a t e .  F o r  the  e x t e r n a l  v e r -  
t i c e s  t h e s e  t ake  the  f o r m  of t r a n s f o r m a t i o n s  d i which  w i l l  be  a n a l y t i c  (as 
a func t ion  of the  Q2,s ) .  F o r  t h r e e - R e g g e o n  v e r t i c e s  we i n t r o d u c e  t r a n s f o r -  
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m a t i o n s  r i which,  as  we showed in sec t .  4, wi l l  n e c e s s a r i l y  be s i n g u l a r  at  
2 2 2 0 h (Qi,  Qj ,  Qk) = and  a r e  d i f f e r en t  for  hijk X O. To do the e x p a n s i o n  at 

ijk = 0 a d i f f e r en t  r - t r a n s f o r m a t i o n  which  m a p s  on to a s t a n d a r d  p lane  
touch ing  the l ight  cone m u s t  be  used .  

We can  now w r i t e  the g e n e r a l  f o r m  of an  e x p a n s i o n  as fol lows : We div ide  
the i n t e r n a l  l i n e s  i into four  s e t s  a ,  fi, y, 5, depend ing  on w he t he r  they have 
t h r e e - R e g g e o n  v e r t i c e s  on both s ides ,  jus t  on the r ight ,  j u s t  on the left ,  o r  
on n e i t h e r  s ide .  T h e n  

I/H / f dAi D n z ~ ( ~ g i h i g i l ~  ') f m i ,  . . . , mn(h l  . . . .  ,h  r) = ni, n, i 

DnAin~ (digihigz. l ~ "  I - I  D Ai i i e ~  nin' ( ~ g i h i g i l d z )  

i~eS. D Ai g f  ld))  l F h l"  " " A~' ml . . . .  mn (7.17) 
n i n' ( d i g i h i ~  n 1 n' 1 . . . .  nrn' 

H e r e  A i l a b e l s  the r e p r e s e n t a t i o n s  of SU(1,1), D Ai is  a r e p r e s e n t a t i o n  
func t ion  and  ni, n~ denote  d i s c r e t e  l a b e l s  u n l e s s  the left ,  or  r igh t  end r e -  
s p e c t i v e l y ,  of the l ine  i is  p a r t  of t h r e e - R e g g e o n  v e r t e x  in  the s - s  r e g i o n  
(or on the b o u n d a r y  of the s - s  and  s - t  r eg ions )  when  i t  i s  con t inuous .  The  
p a r t i a l  wave coe f f i c i en t  F wi l l  be  z e r o  u n l e s s  the s u m  of the m and  n 
l a b e l s  for  each  v e r t e x  is  zero .  

The d i f f i cu l t i e s  that  o c c u r  when  e i t h e r  a gi c r  an  r i b e c o m e  s i n g u l a r  and  
t h e i r  r e l a t i v e  i m p o r t a n c e  have b e e n  d i s c u s s e d  in sec t .  3 and  4. They  can  
be r e m o v e d  by ex tend ing  the f u n c t i o n f  to a func t ion  on SL(2, C) r ,  s a t i s -  
fy ing the a p p r o p r i a t e  c o v a r i a n c e  cond i t ions ,  and p e r f o r m i n g  a p a r t i a l  - 
wave  e x p a n s i o n  in  t e r m s  of the r e p r e s e n t a t i o n  func t ions  of SL(2, C). The 
c o v a r i a n c e  cond i t i ons  at  the e x t e r n a l  v e r t i c e s  p r e s e n t  no p r o b l e m  (if no 
two e x t e r n a l  p a r t i c l e s  have the s a m e  m a s s ) .  They  can  be i n c o r p o r a t e d  by 
i n t r o d u c i n g  a d i t r a n s f o r m a t i o n  as  for  the SU(1,1) e x p a n s i o n  and aga in  
m a k i n g  the p a r t i a l - w a v e  coef f i c ien t  
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z e r o  u n l e s s  the sum of the m and  n l a b e l s  for  each  v e r t e x  is  ze ro .  To i n -  
c o r p o r a t e  the c o v a r i a n c e  cond i t ion  a t  a t h r e e - R e g g e o n  ve r t e x ,  we i n t r o d u c e  
t r a n s f o r m a t i o n s  s i which (ana ly t ic  as  a func t ion  of the Qi 's )  a l i gn  the p lane  of 
the s t a n d a r d  t r i a n g l e  to i nc lude  the z - a x i s ,  but  with none of the s i de s  a long  
the z - a x i s .  The c o v a r i a n c e  cond i t ion  wi l l  then  be s a t i s f i e d  if the j ,  n l a b e l s  
c o r r e s p o n d i n g  to th is  v e r t e x  a r e  t aken  to be the SU(1,1) b a s i s  l a b e l s  i n -  
t r o d u c e d  in  sec t .  5, and  F s a t i s f i e s  the cond i t ion  (5.14). Wi th  these  r e -  
s t r i c t i o n s  on F the e x p a n s i o n  wi l l  take the s a m e  f o r m  as  that  g iven  in  (7.17) 
expec t  that  the g i ' s  wil l  not be p r e s e n t ,  the r i ' s  wil l  be  r e p l a c e d  by s i ' s  , 
the A i ' s  wi l l  denote  r e p r e s e n t a t i o n s  of SL(2, C) and the D A i ' s  wil l  be the 
c o r r e s p o n d i n g  r e p r e s e n t a t i o n  func t ions .  T o l l e r  po les  can  now be i n t r o d u c e d  
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in to  th i s  e x p a n s i o n  g iv ing  the  u s u a l  s e q u e n c e s  of R e g g e  p o l e s .  
The  d i f f i c u l t i e s  a t  p s e u d o t h r e s h o l d s  of the  e x t e r n a l  p a r t i c l e s ,  wh ich  

o c c u r  in o u r  f o r m a l i s m  a s  a r e s u l t  of the  di's b e c o m i n g  s i n g u l a r  have  b e e n  
t r e a t e d  in  d e t a i l  by  C o s e n z a ,  S c i a r r i n o  and  T o l l e r  [4]. When  the  m a s s e s  of 
the  e x t e r n a l  p a r t i c l e s  a r e  not  equa l  t h e s e  o c c u r  fo r  v a l u e s  of the  c o r r e -  
s p o n d i n g  Q2, g r e a t e r  than  z e r o .  T h e y  have  a l s o  c o n s i d e r e d  the m o r e  c o m -  
p l i c a t e d  p r o b l e m  w h e r e  two e x t e r n a l  p a r t i c l e s  of e q u a l  m a s s  m e e t  a t  one 
v e r t e x  and  the  c o r r e s p o n d i n g  d i and  gi b e c o m e  s i n g u l a r  s i m u l t a n e o u s l y .  
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